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In the current research, the magnetohydrodynamic stagnation-point flow of a Casson
nanofluid through a vertical linearly extending sheet under the effects of Soret and
Dufour is explored. The Buongiorno model is used to examine Brownian motion and
thermophoresis. Additionally, the velocity slip effect is also considered. Partial
differential equations are transformed into ordinary differential equations using
similarity variables, which are then mathematically solved through the Keller-Box
technique. The graphs illustrate how various variables affect the temperature,
concentration, and velocity distributions in the boundary layer. Furthermore, the results
show that the concentration profile and boundary layer thickness decrease as the Soret
effect parameter increases. Moreover, the temperature profile increases as the
thermophoresis factor increases.

1. INTRODUCTION

The study of non-Newtonian fluids on stretching and
shrinking surfaces has garnered significant attention due to
their key properties in various technological and industrial
fields. These include petroleum drilling, printing, polymer
technology, food processing, and damping and braking
systems. Many types of non-Newtonian fluids exist, including
paints, quicksand, molten polymers, liquid crystals, ketchup,
yoghurt, butter, and honey, as well as biological fluids like
blood.

Unlike Newtonian fluids, non-Newtonian fluids do not have
a predictable relationship between local shear stresses and
shear rates. This results in their viscosity changing with the
shear rate or its history. Consequently, no single equation can
describe all the rheological properties of non-Newtonian
fluids, and no one model can fully capture these features.

Consequently, researchers have developed various models
to study these fluids. The effective contrast between non-
Newtonian and Newtonian fluids in a system with slip and
non-slip conditions was investigated by Tauviqirrahman et al.
[1]. Computational modeling of the viscous characteristics of
non-Newtonian fluids, as proposed by lonescu et al. [2],
involves testing. The unsteady Casson nanofluid (CNF) flow
caused by buoyancy was examined by Ullah et al. [3]. The
Casson fluid flow behaviour over an exponentially extending
surface at the wall temperature was studied by Lee and
Nadeem [4]. Several solutions for non-Newtonian CNF flow
across a moving extending surface with the impact of radiation
and thermal conduction were investigated by Elgazery and
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Elelamy [5].

Magnetohydrodynamics (MHD) flow of a non-Newtonian
CNF through an extending plate is described by Lone et al. [6].
The impacts of MHD, mass, and heat transfer in the flow of a
non-Newtonian Casson fluid over an oscillatory porous
surface were studied by Prameela et al. [7].

In fluid mechanics, the point where the local velocity
approaches zero is known as the stagnation point. Stagnation
points usually occur on the surface of an object within the flow
area, where the fluid velocity drops to zero due to the presence
of the object. The highest mass deposition, heat transfer rate,
and fluid pressure occur in the stagnation zones. The
importance of analyzing stagnation-point flow in various
hydrodynamic processes and manufacturing applications has
attracted the attention of many scholars over the past few
decades. Ali et al. [8] investigated the effects of heat radiation
and a magnetic field on mixed convection stagnation point
flow over a vertical extended surface. To perform a
mathematical calculation, Khan et al. [9] studied stagnation-
point flow of micropolar nanofluids affected by
suction/injection, buoyancy, and thermophoresis. The effect of
solar radiation on 2D stagnation-point nanofluid flow over an
elastic plate was studied by Ghasemi and Hatami [10]. The
stagnation point flow of a ferrofluid with Newtonian thermal
expansion was investigated by Yasin et al. [11]. The
stagnation-point flow over a linearly expanding sheet and the
heat transfer process with nanofluid were studied by Alhamaly
et al. [12]. The CNF flow near the stagnation point on an
elastic sheet under the impact of radiation and heat generation
was studied by Alrehili [13].
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Research on nanofluids has been highly effective across a
range of scientific and industrial fields. According to Choi and
Eastman [14], a nanofluid is a synthesized suspension of
colloidal nanoparticles distributed in a base liquid.
Nanoparticles are particles having a size smaller than a
nanometer. The nanoparticles used in nanofluids typically
consist of metals or metal oxides, such as aluminum, copper,
aluminum oxide, zinc oxide, Fe;O3, TiO,, graphite, or carbon
nanotubes. The key points of nanofluid technology are to
expand the heat transfer process by enhancing the basic fluid’s
thermal conductivity and convective heat transfer capacity
with the dispersion of nanoparticles.

Moreover, due to their small size, the nanoparticles may
remain in the liquid phase for an extended period, ranging
from months to years, without sedimenting. Buongiorno [15]
developed a new nanofluid model that accounts for the effects
of Brownian motion and thermophoresis on nanoparticle
motion within a fluid dispersion. The magnetic force on a
couple stress nanofluid due to a moving extended sheet with
heat conduction has been discussed by Aljaloud etal. [16]. The
2D MHD flow of an expanded viscous nanofluid over a curved
plate is examined by Hosseinzadeh et al. [17]. The effects of
heat radiation and chemical reactions on convection and
conduction in the nanofluid boundary layer caused by a porous
stretching sheet have been investigated by Sedki [18]. For
more detailed literature on nanoliquid flow [19-21].

MHD has a broad range of applications across multiple
fields. In astrophysics, understanding phenomena such as solar
winds, the behavior of interstellar plasma, and star formation
is essential. In geophysics, MHD principles help explain the
generation and dynamics of Earth’s magnetic field caused by
the movement of conducting materials in the core. In
engineering, MHD is used in the design of MHD generators,
which convert kinetic and thermal energy into electrical
power. It is also employed in advanced cooling systems for
nuclear reactors, where liquid metals act as coolants.

A Casson fluid with varying thickness flows through a
stretching surface under a magnetic field, as demonstrated by
Hussain et al. [22]. The effects of heat radiation and velocity
slip on the stagnation-point flow of an MHD Casson fluid over
an elastic surface were examined by Raza [23]. A numerical
model incorporating a CNF has been proposed by Narender et
al. [24] to investigate the effects of heat generation and
absorption, as well as a magnetic field, on MHD stagnation-
point flow over an extending plate. MHD flows at the
stagnation point via a heated extended paper, including the
effects of chemical reaction, Soret, and Dufour, were studied
by Verma et al. [25].

In view of the above-cited literature, this study numerically
investigated Casson nanoliquid flow towards a vertical
flexible surface. In addition, magnetic factors, the Casson
factor, porosity, thermal radiation factor, chemical reaction,
and Soret and Dufour effects are considered in this research.
Additionally, to address nanoparticle dispersion in the Casson
fluid, the effects of Brownian motion and thermophoresis will
be considered. For numerical results, the Keller—Box method
is employed. There is no study in the literature on Casson
nanoliquid flow over a vertical surface that incorporates
velocity slip, thermal radiation, chemical reaction, Soret, and
Dufour effects. To fill this gap, this research article was
prepared. Further, this research has many industrial and
engineering applications, including printing, food processing,
polymer technology, petroleum drilling, and damping and
braking systems.

17

This study helps answer the following questions:

® How do involved factors affect the temperature,
concentration, and velocity profile of the non-Newtonian
CNF?

® How do the Brownian motion thermophoresis parameters
affect energy and mass transfer properties?

® How are the energy and mass transfer phenomena of CNF
examined via the Keller-Box method?

2. PROBLEM FORMULATION

We study the steady 2D flow of an incompressible MHD
CNF over a porous medium, focusing on a stagnation point
and a linearly wvertically expanding surface. The
stretching/shrinking sheet is assumed to have a linear velocity
in the form of u, (x) = ax ambient fluid’s velocity is
Uy (x) = bx, where, a, b are constants. We suppose that the
fluid is electrically conductive and exposed to a magnetic field
B, directed perpendicular to the stretching surface.
Furthermore, it is suggested that T,, expresses the temperature
of the free stream and Ty, signifies the melting temperature,
where, T, > Ty. The proportion of nanoparticles at the
surface is C,,, although the proportion of ambient
nanoparticles is C.. The geometry of the flow problem is
illustrated in Figure 1.
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Figure 1. Flow structure of the coordinate system

Assuming that the Casson fluid rheological equation is
derived by Duguma et al. [26] and Mustafa et al. [27] as given
in Eq. (1):

P, )
Z(HB+\/T_7T>Eij ifr >m,
(1)

Tij = P
2</13 +—y>6ij ifr <m,
Nz

In this framework, 7;; signifies the stress tensor elements,
up specifies the plastic dynamic viscosity of the non-
Newtonian, P, = ug (\/ 2. /B ) facts to the fluid elastic stress.
Here, § is noticeable as the Casson fluid factor, m is obtained
by multiplying all of the distortion rate's parts together as w =
€j, €ij, €;; s the (i,j) — the component of the strain rate
tensor and 1, denotes a threshold value of  based on the non-
Newtonian methodology. For the Casson fluid flow presence

ined. wh . val Py h
examined, where, T > 1., s 18 equivalent to up + Nrh thus



yielding the kinematic viscosity as vy = = (1 + ) The flow

equations for the current problem are given by Kumar and
Varma [28], Zulkifli et al. [29], and Hayat et al. [30].

du 61] 0 5
ax ay_ @)
<6u+ 6u> duw+ (1+1)82u
“ox ”ay Yoo TV B/ dy?
B? 3
_J O(u_uoo)_%(u_uoo) ()
+ gl Br(T —Ty) + Bc(C — Co)]
or  OT\_ 0T
(G +vay) =5
4 6C6T+ Dy (E)T)
T dy A
Dy Ky 9°C v ou\? @)
)
CC, 0y* Gy B/ \oy
1 dq
pCp 0y’
( 8C+ GC) D 0%*C Dy 0°T
“ox TV ay) T B oy? T T, ay2 (5)
DK 82T .
TW_R (C—Coo)

By using the Rosseland approximation of radiation [31],
where, g can be written as:

40* 9T*
3k* dy’

q=- (6)

Meanwhile, T* function as a linear equation for temperature
that has been increased using the expansion of the series
concerning Ty, as: T* ~ 4T3T — 3T:. Then,

0 160*T3 0°T
a_ ol ™
dy 3k*  ady?
In view of Eq. (6) and Eq. (7), Eq. (4) takes the form:
( 6T+ 6T>_ 0%T
Y ox Uay B “ayz
N ac oT 4 Dr Dy <6T)
t Bay 6y T, \0y g
D,K;9%C v ou\? ®)
e a (. +—) ()
C,C, dy? Cy B/ \oy
1 160 T2 d%T
pC 3k 9y?

The boundary conditions that correspond to the current

problem can be obtained as:
ou
+(1+g)
L B/ oy’

T=Ty,C=C,,
Y0 DU Ug, T 2 To, C > Co.

y=0=>ulx) =u, +

)
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= p[Ay + ¢s(Ty — Tp)] v(x, 0)

or
ke (a)yz(,
Eq. (7) shows that the total heat delivered to the melting area
consists of both the latent heat necessary for melting and the
perceived heat required to raise the initial temperature of the
solid to its melting point Tj,. Similarity variables in view of
Hayat et al. [30] are:

(10)

T axF'(n) v = —JavF(y),
Vv
T — c—c, D
Uy, = bx, 0(m) = =T, ¢(77) = Co=C.

By applying similarity transformations in Eq. (11), Eq. (3),
Eq. (5), and Eq. (8) are converted into the following ordinary
differential equations (ODEs):

1
(1 + E) F" + FF" — F” — (M + B)(A" — F")

(12)
+27 + (A0 + 5¢) = 0,
Z[1+2R|6" + FO' + Nto” + Nbo'd’ +
Pr (13)
Dfp” + (1+ )EcF” 0,
¢" +ScF¢' + (s 4 5rSc ) 0" —Scyp =0.  (14)
Finally, the resultant boundary conditions (5)-(6) are:
1
F'©O) =1+ (1+2)F"(0),000) =0,
f (15)
$(0) =1,F'(0) = 2%, 6(0) =1,
¢(0) =0, M,6'(0) + PrF(0) =0,
Without any dimensional specifications,
G, Gce oB? b v
A=—5 8= M=—21"=— B =—,
Re? Re? pa a ak’
v v D5 (C Co
Sc=—, Pr=—, Nb= LG ),
Dg a v
tDr (T — T, To — Thy)x3
Nt = T(VT M),er _ 9B ( = M) ’
o = 9Be(Cy = C) _40'T3 (16)
& = v? ’ " kK
Sr = DmKT (Too - TM) D KT (C oo)
Tv (C, —Cx)’ vC G, (T, —Thy)’
2 .
Uy, R #ff
Ec = —_—, =—, Y=— |-
T T.-Ty) T a L\v
e = % which is a grouping of two Stefan
numbers L™ 5 M) o e liquid and solid
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states, consistently.

Physical variables that are important for understanding how
fluid behaves at the surface include the local skin friction
coefficient f,, local Nusselt number Nu,, and local Sherwood
number Sh,, which are described as:

Xqw

, Sh — Xdm
kt((Too—TM) *

Dp((Cw—Ceo)’

—_w —
Cf, = quZ,Nux =

(17)



where, T,, is shear stress through an extended plate, g, is the
heat flow from the surface, and q,, is the surface mass flux,
which is drawn by:

=i (145) (3)

]
y=0

" (aT) as8)
qW —Re\ G ’ 1
dy y=0

D (6C>
qm B ay yzor

Substituting equation:

Cry/Rey = (1 + %) F"(0),

Nu, — _6'(0)
JRey B '
Sh,

= —¢'(0),

JRey

where, the local Reynolds number is Re, = Zw

3. NUMERICAL TECHNIQUE

In 1971, Keller [32] used a numerical method to solve a
boundary value problem in 1971. After a decade, Jones [33]
employed this technique for numerical simulation in a
boundary value problem. For the last three decades,
researchers have used this technique for the numerical
simulation of boundary-layer flow problems because it is very
effective in producing accurate numerical results up to second-
order convergence. In this study, a numerical solution was
obtained using the Keller—-Box method. In this scheme, first
we convert higher-order ODEs into first-order ODEs, then
write a difference equation using central differences, linearize
these equations via the Newton method, write them in matrix
form, and finally solve the matrices via the block-diagonal
method. In addition, this method is straightforward to
program, very user-friendly, and converges more quickly to
the second order. For detailed characterization, Rafique et al.
[34] discussed this technique in detail.

4. RESULTS AND DISCUSSION

This study investigates the MHD stagnation point flow and
heat transfer of CNF over a vertically stretched sheet, taking
into account velocity slip, as well as the Soret and Dufour
effects. Brownian motion and thermophoresis are also
considered. The governing equations of CNF flow in Eq. (12)
to Eq. (14) are numerically solved, according to the boundary
conditions in Eq. (15), to examine the flow and heat transfer
properties. The research investigates how various controlling
factors influence the velocity, temperature, and concentration
profiles within the boundary layer region. The outcomes of
different flow properties are analyzed and illustrated with
graphs. Table 1 presents a comparison of our results for F' (0)
those gotten by Mabood and Mabood and Mastro Berardino
[35], Hayat et al. [36]. Table 2 shows a comparison of our
results for F' (0) with those specified by Hayat et al. [37] and
Ishak et al. [38] for various values of A". They found that the
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current results are both dependable and accurate. The present
numerical calculations for —0' (0) are compared to those
published by Bachok et al. [39]. The findings in Tables 1-3
demonstrate a positive correlation.

Figure 2 illustrates how a fluid's velocity profile varies in
response to a magnetic field M. It is noted that when M
increased, the velocity and momentum boundary layer
thicknesses decreased as well. It is due to the fluid's velocity
decreasing because the magnetic field exerts a resistance to its
motion. Figure 3 shows how the velocity profile is affected by
the Casson parameter . It demonstrates that the fluid velocity
decreases as the value of [ increases. This is because an
increase in 8 enhances the fluid's resistance to flow, thereby
reducing its velocity.

Table 1. Comparing the results of F''(0) for different

numbersof M at M, =Y =1*"=0,Pr =1
The Present Mabood and Mastro
M Work Berardino [35] Hayat et al. [36]
0 -1.00006 -1.000008 -1.00000
1 -1.41421 -1.4142135 -1.41421
5 -2.44948 -2.4494897 -2.44948
10 -3.31664 -3.3166247 -3.31662
50 -7.14148 -7.141484 -7.14142
100 -10.0496 -10.0497 -10.049875

Table 2. Comparing the results of F''(0) for different
numbers of A* with Pr = 1

A The Present Work Hayat et al. [37] Ishak et al. [38]
0.01 -0.998065 -0.99823 -0.9980
0.1 -0.969387 -0.96954 -0.9694
0.2 -0.918107 -0.91813 -0.9181
0.5 -0.667263 -0.66735 -0.6673
2 2.01741 2.01767 2.0175
3 4.72801 4.72964 4.7294

Table 3. Comparing the results of —6'(0) for different
numbers of M, and Pr when 1* = 1

Pr M The Present Work Bachok et al. [39]
0 -0.7978740 -0.7978846
1 1 -0.5060480 -0.5060545
2 -0.3826380 -0.3826383
3 -0.311960 -0.3119564
0 -2.11209 -2.1110042
7 1 -1.34214 -1.3388943
2 -1.01528 -1.0123657
3 0.827734 -0.8253591
1 1
0.9
0.8 4
0.7 4
0.6
‘§ 0.5 4
0.3
0.2 4
0.1+ 1
0 L |
0 0.5 1 1.5 2 25 3

Figure 2. Velocity profile for the various values of M
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Figure 3. Velocity profile for various values of §
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Figure 5. Velocity profile for different values of Y

Figure 4 shows the asterisk operator and end superscript on
the velocity distribution. The velocity distribution decreases as
the values of the porous parameter B* rise. Physically,
porosity typically acts as a sink of momentum, increasing
resistance and decreasing velocity. Figure 5 illustrates how the
velocity distribution is affected by the velocity slip parameter
Y. This shows that when the value of the velocity slip
parameter Y increases, the velocity profile increases. This
effect occurs because the velocity slip condition typically
reduces wall shear, allowing the fluid to move faster near the
surface. Figure 6 indicates the impact of the Casson parameter
B on the temperature profile. This figure shows that the
temperature profile decreases as the value of 8 increases. This
phenomenon can be attributed to reduced frictional resistance
at the boundary, resulting in lower heat generation within the
fluid.
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Figure 6. Temperature profile for various values of 8
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Figure 8. Concentration profile for various values of Sc

Figure 7 displays the impact of the Soret number S7 on the
concentration profile. The concentration profile decreases as
the Soret number increases. When the Soret number
Sr increases, it indicates that particles migrate from high-
temperature regions. Concentration profiles within the fluid
are decreased as a result of this temperature dispersion.

Figure 8 shows how the concentration profile is affected by
variations in Schmidt number. As the Schmidt number grows,
the concentration profile decreases. The Schmidt number
helps to understand the importance of momentum diffusivity
and mass diffusivity within the fluid. Concentration profiles
drop as the Schmidt number increases because mass
diffusivity decreases with it.

Figure 9 displays the temperature profile for various Dufour
number Df values. This variable specifies the relationship



between a fluid's mass and heat transport mechanisms. It
shows that a rise in the Dufour number enhances the
temperature profile, which increases the rate at which mass
diffusion proceeds. When heat is transferred from a high-
concentration to a low-concentration region, the temperature
profile increases.

Figure 10 shows how the concentration profile is affected
by the chemical reaction factor y. The concentration profile
reduces as the chemical reaction parameter y rises. Figure 11
illustrates how the temperature profile is affected by the
thermophoresis factor Nt. Heat-producing particles move
away from the hotter area to the cooler area. The fluid’s
temperature changes as a result. As a result, the
thermophoresis factor Nt increases, and the temperature
profile also rises.

1

0.9 B
0.8
0.7
0.6 1

Df=1.0,1520 25 i

0.4} 1

6 (n)

0.5

0.3

0.2

0.1 ‘ ‘ ‘ ‘ ‘ s ‘ ‘
0 0.5 1 15 2 25 3 3.5 4 4.5 5

Figure 9. Temperature profile for various values of Df
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Figure 11. Temperature profile for various values of Nt
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Figure 13. Concentration profile for various values of Nt

Figure 12 represents the behaviour of the temperature
profile for various values of Prandtl number (Pr). It is
observed that when the value of the Pr rises, the temperature
profile decreases. Physically, the Pr is the ratio of momentum
diffusivity to thermal diffusivity. An increase in Pr signifies a
relative decrease in thermal diffusivity, which inhibits heat
penetration and leads to a thinner thermal boundary layer and
a decrease in the temperature profile within the boundary
layer.

Figure 13 shows how the concentration profile is affected
by the thermophoresis factor Nt. It has been shown that the
concentration profile and the thermal boundary layer thickness
both increase as the value of Nt. According to this result, a
more concentrated profile within the fluid and a thicker
concentration boundary layer are caused by larger Nt values.

5. CONCLUSIONS

This study investigates MHD stagnation-point flow and
heat transfer of a CNF over a vertically stretched sheet, by
incorporating velocity slip and the Soret and Dufour effects.
Moreover, thermal radiation and chemical reactions are
accounted for. In addition, Brownian motion and
thermophoresis impacts are discussed graphically. For
numerical results, the Keller—Box method is employed, which
gives fast convergence up to second order in less time.
Furthermore, the influence of porosity and slip effects on the
velocity profile is presented via graphs. These are the main
conclusions of this research:
® The velocity distribution increases with the growth of the

slip parameter.



The temperature profile decreases as the Casson
parameter increases.

The concentration profile decreases as the Soret effect
increases.

The velocity profile decreases with increasing porosity.
The temperature profile increases as the Dufour effect

parameter increases.

In the future, this research can be extended numerically to
different geometries, including disks, cylinders, cones, and
spheres. This investigation plays a key role in engineering and
industry.
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NOMENCLATURE

Latin symbol

Bo Magnetic field strength (T)

C Nanoparticle concentration

Co Specific heat capacity (J-kg™'K™)
CNF Casson nanofluid

Ds Brownian diffusion coefficient (m?-s™)
Dnm Molecular diffusivity (m?-s)

Dy Thermophoretic diffusion coefficient (m?-s7-K™)
F Dimensionless stream function

Kt Thermal conductivity (W-m*-K™)

L Characteristic length (m)

MHD Magnetohydrodynamics

UB Plastic dynamic viscosity (Pa s)

U Effective viscosity (Pa s)

q Heat flux (W-m™)

P Fluid density (kg-m™)

T Temperature (K)

u Velocity in x-direction (m-s™)
v Velocity in y-direction (m-s™)
0 Dimensionless temperature

é Dimensionless concentration



Greek symbols

B
fe
b
0

Thermal diffusivity (m?-s™)

Casson fluid parameter
Concentration expansion coefficient
Thermal expansion coefficient (1/K)
Solutal buoyancy parameter
Chemical reaction parameter
Thermal buoyancy parameter
Magnetic parameter

Brownian motion parameter
Thermophoresis parameter

Yield stress of Casson fluid (Pa)
Strain-rate invariant

Critical strain-rate threshold

Prandtl number

Radiation parameter

Schmidt number
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Sr Soret number

T Stress tensor (Pa)

Y Velocity slip parameter

Df Dufour number

Ec Eckert number

Subscripts

0 Initial value

c Critical value

f Fluid property

M Melting state / melting temperature
m Mass flux / mass transfer

w Wall or surface value

X Local value in x-direction

o Ambient / free-stream condition
y=0 At the surface

y — oo Far from the surface





