IETA

w

International Iafermarion sad

&/
N
Engineering Technnlogy Assechation

Performance Comparison of PID, LQR, and H,, Controllers for Quadrotor Attitude and

Altitude Control

Kared Saber™ ', Mechhoud Elarkam?™, Nafir Nourreddine®

Check for
updates

, Ahmida Zahir®

! Research Electronic Laboratory of Skikda, Université0 Aot 1955 Skikda, Skikda 21000, Algeria
2 Automatic Laboratory of Skikda, Université20 Aot 1955 Skikda, Skikda 21000, Algeria

Corresponding Author Email: s.kared@univ-skikda.dz

Copyright: ©2025 The authors. This article is published by IIETA and is licensed under the CC BY 4.0 license

(http://creativecommons.org/licenses/by/4.0/).

https://doi.org/10.18280/jesa.581116 ABSTRACT

Received: 20 October 2025

Revised: 23 November 2025
Accepted: 28 November 2025
Available online: 30 November 2025

The quadrotor is a Multi Inputs-Multi Outputs (MIMO) system characterized by four
control inputs and six degrees of freedom (DOF), as well as its underactuated structure
and inherent stability. To improve stabilization, and precise control of the quadrotor
system, a comparative study is conducted between three control strategies: a conventional
proportional integral derivative (PID) controller, a Linear Quadratic Regulator (LQR), and
a H,, controller implemented on a quadrotor unmanned aerial vehicle (QUAV). Therefore,
a comprehensive mathematical model of the quadrotor dynamics is formulated as a basis
for designing and evaluating the various controllers. On this basis, the H,, control
approach is adopted, as it is widely used for multivariable systems to ensure robust
performance under varying operating conditions. Thus, the three control laws are
comparatively assessed through simulation in terms of stability, trajectory tracking,
disturbance rejection, and transient response. The results show that while the conventional
PID and LQR controllers offer satisfactory performance under nominal conditions, the
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proposed H,, controller achieves superior robustness and faster dynamic response.

1. INTRODUCTION

In the last decades unmanned aerial vehicles (UAVs)
especially quadrotors have emerged as a prominent research
platform in control engineering due to their mechanical
simplicity, high manoeuvrability, and broad range of
applications. The using of quadrotors is increased in different
fields such as surveillance, environmental monitoring,
mapping, logistics, and scientific exploration. Consequently,
their relatively simple mechanical structure, consisting of four
rotors that generate both thrust and torque, the main challenge
in quadrotor is the control problem. This complexity arises
from its nonlinear dynamics, strong coupling between motion
axes, underactuated configuration, and sensitivity to external
disturbances such as wind gusts or payload variations [1-3].

In order to ensure stability, precision, and robustness of
quadrotor flight, advanced and efficient control strategies are
needed. From several approaches proposed in the literature,
the Three of them have attracted special attention: the
proportional integral derivative (PID) controller [4-6], the
Linear Quadratic Regulator (LQR) [7, 8], and the H,
controller [9-12]. The PID controller, appreciated for its
simplicity and ease of implementation, performs effectively in
systems with linear or mildly nonlinear dynamics; however,
often exhibits degraded performance with parameter
variations or external disturbances. However, LQR controller-
derived from optimal control theory achieves superior
dynamic response and stability margins by minimizing a
quadratic cost function that balances control effort against
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state deviations. Whereas H,, controller, supported by robust
control theory, further extends these capabilities by explicitly
accounting for model uncertainties and disturbances,
providing ensured performance even under highly nonlinear or
uncertain operating conditions.

This paper presents a comparative study of these three
control strategies PID, LQR, and H,, applied to the attitude
and position control of a quadrotor UAV. A detailed
mathematical model of the system is developed, and the
controllers are evaluated through simulation analysis. Their
performances are assessed based on many criteria such as
transient response, overshoot, steady-state accuracy, and
disturbance rejection. The comparative results aim to highlight
the strengths and limitations of each control strategy, offering
valuable insights for selecting an appropriate control scheme
for quadrotor applications requiring both precision and
robustness.

2. MODELLING OF THE QUAV

The Quadrotor is a type of unmanned aerial vehicle (UAV)
characterized by four rotors arranged symmetrically at the
ends of a cross-shaped frame, with the control electronics and
power system typically located at the center. This structure
offers key advantages such as vertical take-off and landing
(VTOL) capability and the ability to hover in place with high
stability [13]. The operation of a quadrotor relies on precisely
adjusting the power supplied to its four motors, enabling it to
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ascend or descend, tilt left or right (roll), tilt forward or
backward (pitch), and rotate around its vertical axis (yaw), as
illustrated in Figure 1.

Figure 1. General structure of a quadrotor

In quadrotor modeling, using multiple coordinate frames is
essential for accurately describing the motion and control of
the vehicle. The three main coordinate frames are the inertial
frame, vehicle frame, and body frame, each serving a specific
purpose in the modeling process [14, 15]. These frames are
illustrated in Figure 2.

e Inertial frame: A fixed reference frame (often earth-
centered) used to describe the global position and
orientation of the vehicle.

Vehicle frame: A frame aligned with the inertial axes but
moving with the UAV, useful for expressing navigation
variables.

Body frame: A frame attached to the UAV itself, used to
describe forces, torques, and angular velocities relative to

the vehicle.
nT
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Figure 2. Coordinate frames used in quadrotor modeling

The attitude of the quadrotor relative to the earth-fixed
frame is described by a commonly, used sequence of counter
clockwise rotations about the axes of the earth-fixed
coordinate system: yaw (1 angle about the Z; axis) , pitch (6
angle about the Y; axis) and roll (¢ angle about the X, axis),
with relative rotation matrices Ry, Rg and Ry, respectively
[16], Then, the orthogonal rotation matrix R(R~! = RT) that
transforms a vector given in the inertial frame to its expression
in the body-fixed reference frame, is given by (using the
shorthand notation C for cosine and S for sine):
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R,0,¢) =
CYCO SPSOCY — SYCd  CPSOCY + SpSe

SYCO SpSOSY + CYCO CPSOSY — SHC
-S6 S¢pCo CPpCo

(1)

To simplify the derivation of the quadrotor dynamic model
and focus on the controller comparison, the following
assumptions are made:

Aerodynamic forces, which can be complex and difficult

to model accurately, are neglected in this analysis.

External aerodynamic forces are not included in the

nominal model.

Center of gravity is assumed perfectly centered.

Rotor dynamics are simplified as first-order and symmetric,

and the effect of motor saturation is neglected.

Small-angle approximation is used in linearized models for

attitude dynamics, which is valid for near-hover conditions.
The state, output and input vectors of the quadrotor model
are chosen to describe all information about the system in the
following way:

X = [x.fc.y,}".Z.Z'K/)'(b' 0, é'lp'lp]T

where,

[x,y,z]7: is the position in the inertial frame.

[%,y,2]7: is the linear velocity in the inertial frame.

[¢,0,%]": is the Euler angles representing roll (¢), pitch
(0), and yaw ().

[(;[7, 6, II)]T: Are the velocity angular.

The motion of a quadrotor is described by three translations
(x,y, z) and three rotations (roll ¢, pitch 6, yaw ) defined by
Euler angles using the z-y-x sequence to express its orientation
relative to the earth frame.

Under predefined assumptions, the dynamics of the
quadrotor can be approximated as those of a rigid body in
space, with additional aerodynamic forces generated by the
rotation of the rotors. Using the newton—Euler formalism, the
equations of motion can be expressed as follows:

E=v

mé= Fi+F, +F,
R = RS(Q)

JQ=T; =T, — Ty —

(2)
Ten

&=[xyz]" is the translation movement vector. Q =
[Q; Q; Q3]7 Contains the angular speed, m is the quadrotor
mass while j = diag[l,l,1,] is the inertia matrix, v linear
velocity, F force vector.

Eq. (3) calculates the translation movement based on factors
including mass, aerodynamic forces, propulsion forces.

"
mlj} =
C(¢)C5(9)+5(¢)S(fp kexz|p o G
C(p) SO)SW) — S(P) CW) | iy Fi |Kreyy [Ol
C(¢) C () ke 2| lmg

Therefore, the equations describing the dynamics of
translational motion are:



~(C($) SO SW)

We have the formula for rotational motion:
]Qz_l—"gm_["gh_ra'i_l} (5)

Replacing the moments with their corresponding formulas,
we get:

I, 0 0][é é I, 0 0][é
o I, ollgl==lelall0o L, of|g]|]-
0 0 ILf|y o] \lo o L[|y
52,6 ] |Krex®®
—1,2,¢|~ Krqy 07 + (6)
0 Kfazlp2
d(w3 — wf
d(wi — w3)
Kq(wi — w3 + @i — i)
where, 2, = w; — W, + W3 — w,.
Therefore, the equations of rotational motion are:
.. 1 . . 2 -_— .
(¢ = a [le(ly - Iz) - Kfax¢ - 2,6 + dUZ]
.. 1 .. . -_ .
6= E [¢1/)(Iz - Ix) - Kfaye2 + -0, + dUS] @)
.. 1 .. .
Y= ; [¢9(1x - Iy) - Kfazlp2 + U4]

The complete dynamics of the quadrotor model, based on
Egs. (3)—(6) can be represented in Eq (8):

= = (C($) C) S(B) + S(¢) SV, — L=

= ~(C(@)S(0) S@) — (@) CAp)U;
~(C($) CONU; —
$ =169,
6= 1$W U — 1) = Kray0? + ;0,6 + dU,]

11). = i[‘pg(lx - Iy) - Kfazlz[}2 + U4-]

K
_ Bty -
m Y

fz5_ g

- Iz) - Kftzx(b2 _]rﬁré + dUZ] (8)

System inputs are represented in Eq. (9). U;,U, ,U;z ,U,
representing entries control for altitude, roll, pitch and yaw,
respectively.

U, Ky Ky Ky Ky wf
U|_| 0 -dk, 0 dK, | |} ©)
Us| |-dKk, 0 dK, 0 w3
Uy K, -K; K; —Ky w3

For a physical system, there are multitudes of state
representations; it all depends on the choice of the state vector.
For model represented by Eq. (8), developed previously and
for a state vector.

= [x;x;y,y;Z;Z, ¢r ¢r 0; eflp'l/}]T

_ T
X = [X1X5X3X4X5X6X7XgXgX10X11X12]

— (@) CO) By F) — L2y
= 2(C(¢) CO))(Tiey F) — L
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4)
fL'zZ- _ g
J'Cl = xZ
_ K
. ftx
X3 = x4
. 1
x4 = ﬂ)@} + ;UyUl
XS = x6
K 1
. ftz
Xe =~ X6 + ;(C(x7) C(x))U; —
3 Xy = Xg (10)
. K Iy—1. — d
Xg = _—{ax x§ + —( yI 2) X10X12 — f_r-Qr X109 T I_Uz
X X X
X9 = X1
. Kfay (1 )
x10 = — Iy x10 X Lz x8x12 + .Q xg + U3
x11 = X12
. faz 2 (x ’y)
X12 = I, X12° + x8x10+ U4

We notice that the Euler angles and their time derivatives
are independent of the translation components, unlike the
translations, which depend on the Euler angles, the quadrotor
is an underactuated system with four inputs vs six outputs, and
strongly coupled. Therefore, it is important to introduce virtual
inputs based like in Eq. (11), to get the desired angles; we can
divide our system into two sub-systems [17]:

{Ux = C(x7) C(x11) S(x0) + S(x7) S(x11)
(In
U, = C(x7) S(x9) S(x11) — S(x7) C(x11)

subsysiem i\"

| [5e
‘n » ‘l
édl 18,

control
| subsystem

¢

Figure 3. Synoptic scheme of the adopted control quadrotor
system

The scheme representing the adopted control quadrotor
system is shown in Figure 3. Which is based on a two-loop
cascade structure. From the desired positions x4 and y,, the
outer loop computes the desired roll (¢p¢) and pitch (8%) angles,
which are then provided as references to the inner loop, The
advantage of this internal control loop is that it calculates the
necessary thrusts to reach the desired altitude and attitude, then
transmits them as command inputs to the system
(U1, Uy, Uy, Uy, U3, Uy).



Table 1. The design parameters for the quadrotor model

Design Paramatre Numerical Value Name
m 1 kg Quadrirotor mass
g 9.806 m/s? Gravity
Kp 2.9842*10- N/rad/s Lift coefficient
Ka 2.2320*1077 N.m/rad/s Drag coefficient
Jr 2.8385*10 kg.m? Inertie of rotor
Km 4.3*10° N.m/A Torque constant
Ke 2.16*10° N.m/A Electrical torque constant
d 0.30 m Distance between the center of gravity and the motor’s axis of rotation

Quadrotor model parameters are as described in Table 1.

3. CONVENTIONAL CONTROL USING PID

CONTROLLER

A PID controller is employed to stabilize the quadrotor. Its
main advantages include straightforward implementation and
simple tuning. The standard form (Figure 4) of the PID
controller is expressed as follows [18-20]:

e(t) = xq(6) —x(t) (12)

U=K,.e(t) +K. [ e(t).dt + K, ("“’“’) (13)

dt

The PID control strategy is certainly the most intuitive and
the simplest to implement on a processor. It makes it easy to
understand the physical role of each control term, which in
turn facilitates the tuning of the gains accordingly [21].

| Proporio
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2
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A
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Figure 4. Structure controller PID

In a quadrotor system, the state variables must be precisely
controlled to maintain stability during flight. Small deviations
in the reference values can cause large variations in motion,
leading to trajectory errors and reduced controllability.
Although the pilot provides the main control inputs, external
disturbances during flight can still destabilize the system. To
address this, an internal flight controller is required to
automatically adjust the rotor speeds and stabilize the vehicle.
The system has four control inputs thrust, roll, pitch, and yaw
that regulate six state variables. Thrust influences the vertical
motion (z), roll affects the lateral motion (x) and ¢, pitch
controls the longitudinal motion () and pitch angle (6), while
yaw controls the heading angle (). Therefore, six PID
controllers are used, with a distribution of 1-2-2-1,
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corresponding to one controller for thrust, two for roll
(position and angle), two for pitch (position and angle), and
one for yaw respectively.

For the PID controllers, each channel (roll ¢, pitch @,
yaw 1, and altitude z) was tuned individually. The Ziegler—
Nichols (Z-N) method was used as an initial approach:
proportional gains were increased until sustained oscillations
occurred, from which the ultimate gain (K,) and oscillation
period (T,,) were measured. These values were then used to
compute the PID gains (K, ,K;,K;) according to the Z-N
tuning rules. Minor adjustments were performed through
simulations to account for the multivariable coupling of the
quadrotor.

3.1 Attitude and altitude control

3.1.1 Altitude control

To regulate the quadrotor’s altitude, a PID controller is
designed. It generates the control input U;, which governs the
vertical motion of the quadrotor based on the altitude error.
The resulting control law is derived as follows:

U]_ = Kp(Zd - Z) + Kd(z.d - Z) + K,: f(zd - Z) dt (14)

3.1.2 Attitude control
» Roll Controller

To control the roll angle ¢ of the quadrotor, an additional
PID controller is used. It generates the input U,, which adjusts
the roll motion, as shown in Eq. (15).

Us = Kp(pa — ) + Ka(ba — ) + Ki [(da —

$) dt (13)

»  Pitch Controller

A PID controller is developed to regulate the quadrotor’s
pitch angle 6. The corresponding control law produces the
input Us, as given in Eq. (16).

Us =K,(0, — 0) + Ky(64 — 0) +Kif(9d —-0)dt (16)

» Yaw Controller

An additional PID controller is used to manage the yaw
angle 1 of the quadrotor. It generates the input U, as shown in
Eq. (17).

Uy =K,(Yqg — ) + Kd(lpd - lp) + K [(a —

W) dt {an

3.2 Proportional integral derivative controller simulation

The simulation results of the PID controller are presented in



the following figures. Figure 5 illustrates the step input
response of the PID controller. Table 2 summarizes the key
performance indicators rise time, percentage overshoot, and
settling time for the angler roll, pitch, yaw and the

PID Attitude Response with References
I

displacement z . These parameters provide essential
information about the controller’s performance, accuracy, and
stability.

¢ PID
0 PID
4 PID
- = =¢ref
= = =0ref
== =y ref

Angles (rad)

0.2

o1 if

-0.1

10
Time

PID Altitude Response with Reference
I I

20
(s)

Altitude z (m)
N

w

1

10

20

Time (s)

Figure 5. Step responses for PID controller

Table 2. Transient performance for step input when using
PID controller

Response Phi Theta Psi z
Parameter (Roll) (Pitch) (Yaw)  (Thrust)
Settling time (s) 5s 6s 28s 7s
Max Overshoot M 38% 43% 30% 40%
Peak time (s) 05s 1s 0.6s 15s

The PID controller effectively stabilizes both the orientation
(roll, pitch, and yaw) and the thrust (Z) of the system. Roll and
pitch show moderate overshoot (about 38% and 43%
respectively) and settle in about 5-6 s, yaw is the most stable,
showing the lowest overshoot (30%) and fastest settling time
(about 2.8 s) and thrust shows a relatively high overshoot
(around 40%) but slowest settling time (about 7 s). Overall, the
PID achieves fast convergence and acceptable transient
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performance; although the thrust axis could be tuned further to
reduce overshoot.

4. LINEAR QUADRATIC REGULATOR

In recent years, modern control theory has exerted a
significant influence on the aircraft industry. Among its
methodologies, the LQR employs a state-space framework for
system analysis and design. This approach facilitates the
treatment of multi-output systems and enables stabilization
through full-state feedback control [22, 23].

The LQR aims to minimize a cost function while
constraining the state X of the system to follow the desired
trajectory X, take into account the dynamic system [24, 25].

x = Ax + Bu
{ y=Cx (18)



Based on Eq. (18) the feedback signal used in this control deviations and control effort, respectively. The diagonal

system is the matrix K with optimal control, which is: entries of Q were set higher for critical states (e.g., angles and
altitude) to ensure fast and accurate tracking, while the entries
u=-—Kx (19) of R were tuned to limit actuator saturation and ensure smooth
control signals. Iterative simulations were used to fine-tune
To generate fresh equations: these matrices, balancing tracking performance and control
effort.
x = (A - BK)x + BKx (20)
. . . . . r x = Ax + Bu » y
The cost function for this optimal problem is given by: - in* R —>
|
J©®) = [,° xT(©)Qx(®) + uT (HRu(t)dt 1)
Q and R are weighting matrices. They are defined as - 1 X
positive matrices, and their elements are selected to provide
relative weighting to the individual state variables and to the Figure 6. LQR block diagram

control input of the system.

The first step is to choose the weight values of matrices of
Q and R, using Eq. (18), the optimal full-state feedback gain K
is obtained from the matrix algebraic equation.

The tuned Q and R matrices which give the optimal
response for the Quadrotor system parameters as defined

before are:
K =-R7'B"P (22) 10000000
0100 00 0O
where, P is derived from the Riccati equation: 0 01 00 0 0O
0= 0001 0 O0O0TUO
PA+AT +Q—PBR'BT =0 (23) 00001000
00000100
Next, the functional diagram of the full-state feedback is 0 0000010
- ‘0 0 0 00 0 01
shown in Figure 6. 1 0 0 O
We choose the matrices Q and R, and then implement the R=10 100
LQR control using the LQR function in MATLAB/Simulink 10 0 1 0
R2024b. 0 0 0 1
Full-state feedback approach was adopted, where the
control law is u = —Kx. The weighting matrices Q and R And the feedback gain matrix K is computed as:

were initially chosen as diagonal matrices to optimize state

1.0000 1.0321 -0.0000 -0.0000 -0.0000 0.0000 0.0000 0.0000
0.0000 0.0000 1.0000 1.0321 -0.0000 -—-0.0000 0.0000 0.0000

k= 0.0000 0.0000 0.0000 0.0000 1.0000 1.0129 0.0000 -0.0000
—0.0000 -0.0000 -0.0000 -—0.0000 -—0.0000 0.0000 1.0000 1.5166
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Figure 7. Step responses for LQR controller

Table 3. Transient performance for step input when using

LQR controller
Response Phi Theta Psi z
Parameter (Roll) (Pitch) (Yaw) (Thrust)
Settling time (s) 4s 45s 425 5s
Max Overshoot M 0% 4% 0% 5%
Peak time (s) 4s 15s 25s 2s

4.1 LQR controller simulation

The simulation results obtained with the LQR controller are
presented in the following figures. Figure 7 depicts the system
response to a step input, highlighting the transient and steady-
state behaviors. Table 3 provides a quantitative summary of
the main performance indices, namely the rise time, overshoot,
and settling time, evaluated for the angular motions roll, pitch,
and yaw as well as the vertical displacement (z). These
indicators offer valuable insights into the controller’s dynamic
performance, precision, and stability characteristics under the
applied control strategy.

From the upper plot, it can be observed that the roll (¢),
pitch (8), and yaw (1) responses converge smoothly to their
steady-state values within approximately 4-5 s. The overshoot
is minimal, with only about 4% for pitch response and
practically negligible for the roll and yaw response indicating
a well-damped, and stable dynamic behavior. The system
exhibits fast transient performance, with a peak time ranging
between 1 and 2.5 s, which highlights the controller’s ability
to achieve accurate initial tracking. Likewise, the thrust (z)
response shown in the lower plot settles in about 5 s, with a
small overshoot (5%). These results collectively confirm the
stability, smoothness, and effectiveness of the LQR controller
in regulating both rotational motion and altitude system.

5. H,, CONTROLLER DESIGN

In the H,, control approach, the performance and robustness
of the control system are mainly characterized by three closed-
loop functions: the sensitivity function S, the complementary
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sensitivity function T, and the controller sensitivity function R
which are defined by [26-28]:

S(is)=[I+G()K()]™
T(s) = G(S)K(S)[I + G(s)K(s)] ™!
R(s) = K()[I + G(s)K(s)]™!

24

As illustrated by the standard block diagram of Figure 8,
G(.) and K(.) are the plant transfer matrix and feedback
controller matrix, respectively. The functions S(s), T(s), and
R(s) represent, successively, the transfer matrix from the
disturbance input d to the controlled system output y, the
complement matrix T = I — S and the transfer matrix from the
disturbance d to the plant input u.

The design of the control system within the framework of
H,, amounts to shaping S, T and R sensitivity functions to
meet the following performance requirements:

To achieve overall disturbance attenuation together with
good robustness against low frequency perturbations that may
be caused by plant parameter uncertainty, small values of
S(jw) in a low frequency band are required. This is typically
expressed by a 2-norm condition; that is, the largest singular
value of the sensitivity function S, [26- 28]:

7(Sjw)) « 1 (25)

The mitigation of disturbances and steady state
requirements can be treated as follows:

o(S(jw)) < o(Ws' (jw)) (26)

At high frequencies, the primary requirements involve
rejecting measurement noise and ensuring robust stability
against uncertainties arising from unmolded dynamics,
nonlinearities, and system truncation effects, which typically
become more pronounced as the operating frequency increases.
Moreover, control effort should be minimized in this range,
since no reference tracking is required. These objectives can
be met by keeping the output control sensitivity as low as
possible.



o(K((jw)S(w)) « 1 27

By defining an upper bound on the maximum singular value
of K(s) S(s), the requirements above are satisfied if the
function Wys(s) = 1/KSpax(s) expresses the desired shape
for K(s) S(s). Therefore, the following approaches can be
used to handle the sensor noise rejection and bust stability [29,
30]:

o(K((jw)S(jw)) < o(Wgs (j)) (28)

The control scheme for H, is also shown in Figure 8. The
problem robust performance is represented in mixed output
sensitivity (S) , output control sensitivity (KS) , and
complementary sensitivity (T) Often referred to as the Ho,
control problem to obtain an internally stabilizing controller.

V4
> W,—¥

ref
K(s) G(s) T y:
€

Figure 8. Diagram of H,, control

Consider the interconnection (illustrated in Figure 9)
between the augmented plant P and the controller K. The
closed-loop transfer function T = f;(P, K) from w to z can be
determined by simple visual inspection.

W N Z >
G
—
u v
K <

Figure 9. General control H,, problem

The system's input-output relationship in Figure 9 can be
expressed as:

z(s) _ w(s) _ Pi1(s)  Pi(s)][w(s)
bl =roliol=lhe melliol @
where:
Py (s) P12(5)]=2~4 DB1 DBZ —
PZl(S) PZZ(S) C; D;i D;i
W, W+ G (30)
0 Wks
0 WrpxG

1 -G

The closed-loop transfer function from w to z can be found
as:
fl(P(S):K(S))=P11+P12*K*(1_P22*K)_1 31)
* Pyy
The mapping f;(P(s),K(s)) is referred to as the linear
fractional transformation [26-28]. The control objective is to
determine a controller K such that the H, norm of
fl(P(s),K (s)) remains below a specified constant y. This
constant y defines the required performance level of the
closed-loop system. In other words, the task is to design a
controller K that ensures internal stability of the system while
satisfying this performance bound [31].

1P K@), <¥ (32)

A successful H, controller synthesis minimizes the
following H,, cost function and ensures an internally stable
closed-loop system.

W,S
Wi sKS

T

IA(P). k&), = <y=1 (33)

5.1 Selection of weighting function

One of the most critical and challenging tasks in robust
controller design is selecting appropriate weighting functions.
This process is often tedious and time-consuming, particularly
when the system model includes complex nonlinearities that
are neglected in the linearized version. The fundamental
requirements for choosing weighting functions are outlined in
Egs. (25) and (28). Additionally, it is essential that the
weighting functions are stable, compatible with nonminimum
phase systems, and of reasonably low order; otherwise, the
order of the resulting H,, controller will increase, as it is
determined by the sum of the plant and the weighting function
orders. Therefore, whenever possible, weighting functions of
the lowest order that still satisfy the design specifications
should be chosen.

After extensive simulation and fine tuning, the weighting
functions W;, W, and Wy are chosen as follows:

_ 0.66675+0.5
57 540.001
W, = 0.0001

055401
T™ s+10

The Bode plots of the sensitivity function S(s)and the
complementary sensitivity function T'(s) are shown in Figure.
10, illustrating how the designed H, controller meets the
specified performance requirements.

5.2 H, robust controller simulation

Figure 11 illustrates the tracking curve of reference input
with H,, controller, Table 4 summarizes some transient
performance parameters of the quadrirotor using the
H,, controller. The simulation results indicate that the H,,
controller eliminates overshoot, achieves a shorter settling
time, and accurately tracks the desired response,



demonstrating in
performance.
From the upper plot, the roll (¢), pitch (6), and yaw (i)

responses under the H, controller reach their steady state

significant ~ improvement system

values within approximately 4 seconds, demonstrating a
noticeably faster dynamic response compared to the LQR
controller.
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Table 4. Transient performance for step input when using
H,, controller

Response Phi Theta Psi z
Parameter (Roll) (Pitch) (Yaw) (Thrust)
Settling time (s) 3s 9s 36s 9s
Max overshoot M 1% 0% 0% 0%
Peak time (s) 12s 0.3s 18s 0.2s

The H, controller provides highly damped and stable
responses across all channels; the roll ¢ response shows a
negligible overshoot 1% with a settling time 3 s, while both
the pitch and yaw responses exhibit no measurable overshoot,
indicating excellent damping, the corresponding peak times
range from 0.3 s (pitch)to 1.8 s (yaw). The thrust (z) response
is also free of overshoot but settles more slowly, around 9 s
reflecting the controller’s conservative and robust behavior.
Overall, the H,, controller achieves strong robustness and
smooth transients, with minimal overshoot at the expense of a
slower altitude response.

5.3 Robust H., with disturbance and noise

The robustness of the H,, controller was further evaluated
by introducing external disturbance and measurement noise
during the tracking task. A step disturbance was applied at t =
4 s, affecting all outputs simultaneously, while Gaussian
measurement noise was added to simulate realistic sensor
imperfections. The obtained results show that the
H,, controller maintains stable tracking performance despite
these adverse conditions. The attitude angles (roll, pitch, and
yaw) rapidly reject the injected disturbances and converge
back to their desired trajectories with minimal overshoot.
Similarly, the altitude (z) response remains stable and exhibits
strong disturbance attenuation. These results confirm that the
designed H,, controller provides high robustness, ensuring
reliable performance under model uncertainties, external
perturbations, and noisy measurements, which is essential for
real-time quadrotor operation. As shown in Figures 12 and 13.

Hoo Attitude Response with Disturbance & Noise

035 ‘ I I

0.3

0.25

0.2

Angles (rad)
o
@

0.1

0.05

— ¢Hoo dist+noise
= 0Hoo dis+noise
YHoeo dis+noise
PHoo

10
Temps (s)

20

Figure 12. Attitude tracking under H,, control with disturbance and measurement noise
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6. IMPLEMENTABILITY ON EMBEDDED SYSTEMS H,, controllers remain practical with modern flight-control
hardware, enabling a balance between computational
The practical implementation of the three controllers is an complexity and robustness demands.
important consideration on embedded hardware for
coextensive quadrotor applications. Since the PID control only

relies on basic arithmetic operations, namely addition, 7. DISCUSSION AND RESULTS COMPARISON
multiplication, and numeral differentiation. Therefore, it

meets the requirements for small UAV platforms, since it can The system response curves for the variables (¢, 0,9,z )
be implemented at high sampling frequencies (> 500 Hz) even under the influence of the three controllers (PID, LQR, H,)
on low-power micro controllers such as the STM32F1 or were represented superimposed, to facilitate an accurate
ATmega series. Moreover, at each sampling instant, the LOR comparison between the different control strategies.

control needs performing matrix multiplications between the Figure 14 illustrates the system's step response for the
state vector and the gain matrix. While it increases the output variable ¢ when each of the different controllers is
computational load relative to the PID, the necessary applied, with the aim of showing the impact of each control
operations remain moderate. Whereas, the H, controller strategy on the system's dynamic performance. By comparing
requires higher-order state-space models as well as evaluating these responses, the response speed, stability, and amount of
multiple matrix operations online. Generally, these operations damping provided by each controller can be evaluated. Table
require more memory and processing power than the other two 5 provides a detailed presentation of the distinctive dynamic
controllers. However, with the present embedded processors characteristics of the step input response for the variable
such as ARM Cortex-R7 or above, the H,, controller can be ¢ under the influence of different controllers, such as rise time,
applied at medium sampling frequencies (around 100-200 Hz). settling time, overshoot percentage, and other indicators for an
The study of these three controllers showed that while PID accurate evaluation of each controller’s performance.

efficiently provides embedded implementation, both LQR and

Comparison of ¢ (roll) for PID,LQR,and HOo controllers

= = = Reference
PID

LQR

H

o

s
0.2
0.1
ol
01 ! | \ L ! | \ L | |
0 2 4 6 8 10 12 14 16 18 20
Time (s)
Figure 14. ¢ (roll) response to a step input using the different controllers
Table 5. The step response characteristics of the ¢ variable response for the variable Y under the influence of these
as produced by the different controllers controllers.
) PID LQR H,, Table 6. The step response characteristics of the 1) variable
Settling time (s) 5 4s 3s as produced by the different controllers
Max overshootM  38% 0% 1%
Peak time (s) 05s 4s 1.2s ¥ PID LQR H,
Settling time (s) 28s 42s 3.6s
The roll tracking error for ¢» shown in Figure 15 indicates Max overshootM  30% 0% 0%
that the PID controller converges quickly but exhibits Peak time (s) 0.6s 25s 18s
oscillations, the LQR provides a stable and smooth response
with moderate convergence, while the H,, controller combines The yaw tracking error for 1 shown in Figure 17 indicates
stability and robustness, keeping the error close to zero from that the H, offers the best combination of stability and
the outset. robustness, PID is the fastest but with transient oscillations,
Figure 16 illustrates the system's step response for the and LQR constitutes a compromise between speed and
output variable 1 when using different controllers, while stability.

Table 6 shows the dynamic characteristics of the step input
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Figure 18 reflects how the system responds to a step in the
output variable 8 as a result of applying different controllers,
while Table 7 illustrates the main dynamic parameters for the
step input response of the same variable, such as peak time,
settling time, and overshoot percentage.

The Figure 19 highlights that PID can respond quickly,
while LQR and especially H,, provide better stability and
smoother tracking of the pitch angle.

Figure 20 illustrates the step response of variable z using
different controllers, and Table 8 presents the characteristics
of the step input response for the same variable.

The altitude tracking error for z as shown in Figure 21
demonstrates that LQR represents a compromise between
speed and stability, PID is the fastest but has oscillations in the
transient regime, and H,, provides the optimum balance
between stability and robustness.

Table 7. The step response characteristics of the 8 variable
as produced by the different controllers

0 PID LQR H,

Settling time (s) 6s 4.5s 9s

Max overshoot M 43% 4% 0%
Peak time (s) Is 1.5s 03s

Table 8. The step response characteristics of the z variable as
produced by the different controllers

z PID LQR H,
Settling time (s) 7s 5s 9s
Max overshoot M 40% 5% 0%
Peak time (5) 1.5s 2s 02s

Comparison of § (pitch) for PID,LQR,and HDo controllers
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Comparison of z (altitude) for PID,LQR,and Hoo controllers
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Figure 21. Tracking error z (altitude) using the different controllers

Table 9. Comparative analysis of control strategies for
quadrotor systems: Advantages and limitations

1(\:/[(::;20(; Advantages Disadvantages
Simple, effective for many Manual tuning needed, poor
PID problems, easy to with non-linearities and
implement disturbances
Optimal for a specific cost, Assumes perfect knowledge,
LQR straightforward, effective  poor with uncertainties, not
for linear systems for non-linear systems
H, uncl:r(i;)ilrllstti:sg?alrsltﬂes Complex design, requires
Control ’ detailed model, high control

multivariable, specific

performance effort

In conclusion, this paper offers a comprehensive evaluation
of the strengths and weaknesses of the different control
strategies analyzed, highlighting their relative effectiveness
and suitability as revealed through the comparative study. The
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results demonstrate that while the conventional PID and LQR
controllers provide satisfactory performance under nominal
operating conditions, the H,, controller achieves superior
robustness and faster dynamic response. This enhanced
performance confirms its ability to effectively manage model
uncertainties and external disturbances, making it a more
reliable solution for ensuring stable and precise control of the
quadrotor system. And provides a comprehensive assessment
of the strengths and limitations of the three control strategies
examined, as summarized in Table 9, The table clearly
highlights the key differences between the controllers.

8. CONCLUSION

This study presented a comprehensive comparative analysis
of three control strategies PID, LQR, and robust H,, applied to
the attitude (¢, 8,1) and vertical position (z) control of a
quadrotor unmanned aerial vehicle (UAV). The quadrotor, a



multivariable and underactuated system capable of generating
lift and control torques through its four rotors, represents a
highly versatile platform for applications such as aerial
surveillance, infrastructure inspection, and search-and-rescue
operations.

The simulation results of this comparative analysis of three
control PID, LQR, and robust H, applied to the attitude
(¢,6,1¢) and vertical position (z) controller of quadrator
unmanned aerial vehicle (UAV) presented the distinct
strengths of each approach i.e. the PID control provides simple
implementation and limited processing capacity, making it
appropriate for real-time application. The LQR controller also
excels in balancing between control effort and response
quality, establishing stable and accurate tracking performance.
However, by showing the most robust and reliable behavior
under parameter variations and external disturbances, the H,,
controller maintains stability and high precision even in
uncertain and dynamic environments.

The comparative analysis demonstrates that the controllers
are not considered absolutely optimal; instead, the choice is
based on the operational objectives, system constraints, and
environmental conditions. The results show that despite the
complexity in design and computation, the H, control
approach ensures robustness and dynamic performance for
applications requiring high reliability and persistence to
uncertainty.

By providing a deeper comprehension of the comparative
performance of classical, optimal, and robust control strategies
for quadrotor systems, the study offers valuable insights and
design guidelines for developing reliable and high-
performance control architectures that extend to a wide range
of other multi-input, multi-output (MIMO) aerospace and
robotic systems under uncertain or challenging conditions.
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NOMENCLATURE

Wys  Control Sensitivity Weight

W
Wr

Sensitivity Weight
Complementary Sensitivity Weight

Kfy  Translational friction coefficient along the X-axis
K¢,  Translational friction coefficient along the Y-axis
K¢,  Translational friction coefficient along the Z-axis
Krqx ~ Aerodynamic drag coefficient along the X-axis
Kfqy, Aerodynamic drag coefficient along the Y-axis
Krq,  Aerodynamic drag coefficient along the Z-axis





