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Detailed The analytical solution of the unsteady boundary layer flow due to impulsive 

porous stretching sheet is solved by means of an Adomian Decomposition Method (ADM). 

The ADM alongside Pade approximants are connected to tackle the nonlinear partial 

differential equation with different boundary conditions got in demonstrating the unsteady 

boundary layer flow. Apparently, this yields better accuracy when compared to results from 

other prime methods. The present results are in good match with the pioneering work of 

other authors. The impact of parameters like mass suction/injection parameter and Darcy 

number on the velocity profile were examined. The present results can be found very useful 

in a wide range of applications in extrusion process and related process in fluid dynamics 

and heat transfer problems. 
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1. INTRODUCTION

Throughout In-depth study of unsteady, laminar boundary 

layer flow due to a stretching media, as well as its industrial 

applications, is of prominent interest in the classical fluid 

dynamics field. Production of sheet materials has risen in a 

numerous of industrial manufacturing applications and 

hitherto involves both metal and polymer sheets. The material 

is in a molten phase when extruded through a die, then it cools 

and solidifies. 

Other similar examples are: 

(1) Cooling of a large metallic plate in a bath,

(2) Glass blowing,

(3) Continuous casting,

(4) Fiber spinning.

As implementations in industry become wider and more

sophisticated, the study of theoretical fluid mechanics 

phenomena involving not only steady but also unsteady 

laminar boundary layer is needed. 

In the last few decades, flow studies in porous media has 

drawn researchers attention due to its increasing applications 

in engineering and in advanced state-of-the-art technology. 

Porous media is defined as a mixture of fluid and solid -the 

base material is usually a solid- that have interconnected pores 

through or over which the fluid can move. In porous media 

problems, the most common analytical approach is delivered 

by using Darcy theory [1]. Important effects due to the 

porosity may appear in porous media as analysed by Kaviany 

[2]. Intensive work has be presented in a variety of articles 

about porous media and thermal analysis of flow by Starov and 

Zhdanov [3] and Tamayol et al. [4], both in a stretching sheet 

and wall of either a Newtonian or non-Newtonian fluid 

(Mahabaleshwar [5], Hayat et al. [6], Prasad et al. [7]), as well 

as by considering the effect of magnetic fields (El-Mistikawy 

et al [8], Pand et al. [9]). The outcome of the present study has 

various applications, as it may be implemented in fields, like 

bio-fluid dynamics, hydrodynamics, aeronautics physics and 

others. Flow and heat transfer laws in the boundary layer 

induced by a stretching surface are implemented in 

manufacturing processes, such as in the cooling of metallic 

plates, glasses and polymers, aerodynamic extrusion of plastic 

sheets, boundary layer along a liquid film and condensation 

process. Crane [10] was a pioneer and investigated the flow 

caused by sheet stretching. Gupta and Gupta [11] and many 

other researchers relied upon Crane’s work and extended it by 

including the effect of heat and mass transfer analysis under 

different physical states.  

A significant part in literature deals with the study of 

boundary layer flow over unsteady stretching surfaces as in 

Wang [12], and Chen [13], while Magyari and Keller [14] 

focus on heat and mass transfer on boundary layer flow owing 

to an exponentially continuous stretching sheet. On the other 

hand, viscous flow due to a shrinking sheet was studied by 

Miklavcic and Wang [15], as well as stagnation flow towards 

a shrinking sheet was introduced by Wang [16]. Other 

researchers investigate linear and exponential stretching of a 

material (usually plastic) [14], whereas in Kumaran and 

Ramanaiah [17] the boundary layer fluid flow of a general 

quadratic stretching sheet has been assumed. Many articles 

reffer to the impulsive motion of a surface in a viscous fluid 

(Stewartson [18-19], Wang et al. [20]) and it has been proven 

that when t>1 flow goes through an transition from Rayleigh 

flow to Blasius flow. It is significant, though, to stress out that 

the solution approach is either analytical or numerical in all the 

above works. 

In order to obtain an appropriate solution Adomian ([21-

22]) founded the Adomian Decomposition Method (ADM), 

which enables the accurate and efficient analytic solution of 

nonlinear ordinary or partial differential equations avoiding 

linearization or perturbation approaches. This method unifies 
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the treatment of linear and nonlinear, ordinary or partial 

differential equations, or systems of such equations, into a 

single basic method, which is applicable to both initial and 

boundary-value problems. Due to its effectiveness, the method 

has been studied and has been used by many researchers 

(Biazar and Shafiot [23], Cherruault [24], Cherruault and 

Adomian [25], Disu and Ajibola [26]) in a variety of problems. 

The objective of the present work is to present an analytical 

solution of the unsteady boundary layer flow of a viscous and 

incompressible fluid due to an impulsively stretching sheet 

over a porous media. The unsteadiness in the flow is caused 

by impulsively creating motion in the free stream and 

simultaneously porous stretching the surface. The boundary 

layer approximation Navier-Stokes equation will be solved by 

using the Adomian decomposition method along with Pade 

approximants (Baker [27]), Boyd [28]). Pade approximants is 

the “best” approximation of a function by a rational function 

of given order. It is worth mentioning that under this technique, 

the approximant's power series agrees with the power series of 

the function which is approximating. 

 

 

2. MATHEMATICAL FORMULATION GOVERNING 

EQUATIONS 

 

In the present article, the unsteady, Newtonian, laminar 

incompressible fluid flow of an impulsive porous stretching 

sheet is considered. Le 𝜓 is the stream function, 𝑢 and 𝑣 are 

velocity components in 𝑥 and 𝑦 directions, respectively that 

are given by 𝑢 =
𝜕𝜓

𝜕𝑦
 and 𝑣 = −

𝜕𝜓

𝜕𝑥
,  c is stretching rate 

(𝑠−1) i.e. a positive constant in the present case, k is the 

permeability parameter, 𝜂 and 𝜉 are the transformed 

dimensionless variables, v is the kinematic velocity, t  is the 

time and 𝜏 is the normalized time through coefficient 𝛼 (the 

non-dimensional time), and 𝑣𝑤 is the stretching velocity of the 

sheet.  

The imposed governing nonlinear equations are as follows: 
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The corresponding boundary conditions are 

 

𝑢 = 𝑐𝑥 and 𝑣 = 𝑣𝑤when 𝑡 = 0 and 𝑦 = 0,           (3a,b,c,d) 

𝑢 = 𝑣 = 0 when 𝑡 = 0 and 𝑦 > 0,   

𝑢 = 𝑐𝑥 and 𝑣 = 0 when 𝑡 > 0 and 𝑦 = 0, 
𝑢 = 0 as 𝑦 → ∞. 
 

The considered similarity transformations are as found in 

Williams and Rhyne [29] 

 

𝜓 = √𝑐𝜈𝜉𝑓(𝜂, 𝜉) and 𝜂 = √
𝑐

𝜈𝜉
𝑦, 𝜉 = 1 − 𝑒−𝜏, 𝜏 = 𝑎𝑡. (4) 

 

The reduced non-dimensional Navier-Stokes equation is 

then 
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where, 𝐷𝑎−1 =
𝜈

𝑐𝑘
 is the porous media parameter (i.e. the 

inverse Darcy number).  

The reduced boundary conditions are: 

 

𝑓(0, 𝜉) = 𝑉𝑐 , 𝑓𝜂(0, 𝜉) = 1and 𝑓(∞, 𝜉) = 0. (6a,b,c) 

 

where, 𝑉𝑐 = −
𝑣𝑤

√𝑐/𝜈𝜉
 is the suction/injection parameter. 

An analytical solution of Eq. (5) is time dependent as it is 

third order nonlinear partial differential equation with 

inhomogeneous boundary conditions. The solution is obtained 

using the ADM with Pade approximants. The ADM offers an 

approximate analytical solution expressed in terms of 

converging power series. Fewer iterations performed in ADM 

are needed, so as to compute an approximate analytical 

solution in the form of power series and then Pade 

approximants are used to handle the limit at 𝜂 → ∞, at which 

the value of unknown 𝛼 = 𝑓𝜂𝜂(0) is computed. For the case 

𝜉 = 0 , the Eq. (5) converted into classical Rayleigh type 

equation: 
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The exact solution is 
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Under the assumption that 𝜉 = 1, 𝜏 → ∞, Eq. (5) reduces to 

classical Crane type equation: 

 
2 1 0.f f f f Da f   

−+ − − =                    (9) 

 

The exact solution of Eq. (9), implementing the boundary 

conditions of Eq. (6), be formed as: 
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.c

e
f V
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−−
= +                          (10) 

 

In the absence of porosity (i.e. inverse Darcy number 𝐷𝑎−1 

is zero) and no suction/injection (i.e. the parameter 𝑉𝑐 is also 

zero), the exact solution of Eq. (9) can be written (Crane [10]): 

 

( ) 1 .f e  −= −                               (11) 

 

 

3. ADOMIAN DECOMPOSITION METHOD (ADM) 

 

The Adomian decomposition method is applied to solve Eq. 

(5) with Eq. (6) and provides the relaxation: 
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( ) ( ) ( )2 11
1 1

2
Lf f f f f f Da f          −= − − − + − +      

(12) 

where 𝐿 =
𝜕3

𝜕𝜂3 is the third order differential operator.  

By applying the inverse operator 𝐿−1(∗) =

∫ ∫ ∫ (∗)𝑑𝜃𝑑𝜃𝑑𝜃
𝜃

0

𝜃

0

𝜃

0
to Eq(12) with the different boundary 

conditions of (Eq. (6)), the solution 𝑓0 = 𝑉𝑐 + 𝜂 +
1

2
𝛼𝜂2  is 

obtained, as well as the approximate solution 𝑓(𝜂, 𝜉) =
∑ 𝑓𝑚(𝜂, 𝜉)∞

𝑚=0 . Thus, in  the unknown quantity 𝛼 = 𝑓𝜂𝜂(0, 𝜉) 

is found. Then, the exact analytical solution owing to ADM is 

obtained as:  

 

( )

( ) ( )

2 1 2

1

1

2

1
1 1

2

cf V L f f f

f f Da f

 

  

  

    

−

−

= + + + −


− − + − + 



 (13) 

 

The ADM iteration process then: 
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With the help of Mathematica (Wellin [30] built-in package 

software, the approximate solution 𝜑𝑛 = ∑ 𝑓𝜂
∞
𝑛=0  is obtained. 

The first three terms of the solution are listed below. 
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1

2
𝛼𝜂2 

𝑓1 = −
1

48
𝛼𝜂4 +

1

6
𝜉𝜂3 +

1

6
𝐷𝑎−1𝜉𝜂3 −

1

6
𝑉𝑐𝛼𝜉𝜂3 

+
1

16
𝛼𝜉𝜂4 +

1

24
𝐷𝑎−1𝛼𝜉𝜂4 +

1

120
𝛼2𝜉𝜂5 

𝑓2 =
1

960
𝛼𝜂6 +

1

240
𝑉𝑐𝛼𝜉𝜂5 −

1

720
𝛼𝜉𝜂6 −

1

720
𝐷𝑎−1𝛼𝜉𝜂6 

−
1

3360
𝛼2𝜉𝜂7 −

1

24
𝑉𝑐𝜉2𝜂4 −

1

24
𝐷𝑎−1𝑉𝑐𝜉2𝜂4

+
1

24
𝑉𝑐

2𝛼𝜉2𝜂4 

+
1

120
𝐷𝑎−1𝜉2𝜂5 +

1

120
(𝐷𝑎−1)2𝜉2𝜂5 −

1

80
𝐷𝑎−1𝛼𝜉2𝜂5 

−
1

60
𝐷𝑎−1𝑉𝑐𝛼𝜉2𝜂5 +

1

576
𝛼𝜉2𝜂6 +

1

240
𝐷𝑎−1𝛼𝜉2𝜂6 

+
1

720
(𝐷𝑎−1)2𝛼𝜉2𝜂6 −

1

240
𝑉𝑐𝛼2𝜉2𝜂6 +

1

10080
𝛼2𝜉2𝜂7  

+
1

2520
𝐷𝑎−1𝛼2𝜉2𝜂7 −

1

40320
𝛼2𝜉2𝜂8 

 

and so on 

 

 

4. PADE APPROXIMANTS 

 

Frequently, the power series can be considerably 

accelerated in moderation by being rearranged into a ratio of 

such two expansions: 
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It is considered, without loss of generality, that 𝑏0 = 1 and 

generalization of the series expansion with degrees (𝐿 = 𝑀) 
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From Eq. (18) and Eq. (19), we have  
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From Eq. (20), by cross multiplication, we find that 

 

0 0a c=          (21) 

 

1 1 0 1a c c b= +           (22) 

 

2 2 1 1 0 2a c c b c b= + +          (23) 

 
[𝐿/𝑀] approximant construction depends on choosing the 

degree of both numerator (𝐿) and denominator (𝑀).  Pade 

approximant is an effective tool in handling boundary 

conditions in infinite domains. Thus, the diagonal 

approximants are constructed, being the most accurate 

approximant when [𝐿 = 𝑀], by using the boundary condition 

𝐿𝑖𝑚
𝜂→∞

𝑓 = 0 to evaluate 𝛼 = 𝑓𝜂𝜂(0). 

 

Table 1. Association of Pade approximants for various 

values of L and M numbers, 𝑎 = 𝑓𝜂𝜂(0) and when 𝜉 = 1 and 

𝑉𝑐 = 0 

 
η [10/10] [15/15] [20/20] [25/25] 

6 -0.564259 -0.564203 -0.564202 -0.564202 

7 -0.564604 -0.564205 -0.564190 -0.564190 

8 -0.565821 -0.564297 -0.564191 -0.564190 

9 -0.568599 -0.564666 -0.564200 -0.564190 

10 -0.573489 -0.565678 -0.564245 -0.564189 

11 -0.580757 -0.567810 -0.564394 -0.564185 

 

Results of the present Pade approximants dependence on the 

calculation of  𝑎 = 𝑓𝜂𝜂(0) for various 𝜂 and 𝐷𝑎−1 values can 

be found in Tables 1, 2 and 3, also in comparison with 
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analytical solutions or the results of Refs. [31, 32, 33]. As it is 

observed in Table 1, the present method converged fairly well 

as the values of [𝐿/𝑀] in Pade approximants diversify, for 

𝜉 = 1 and 𝑉𝑐 = 0 as as 𝐷𝑎−1 is increased. 

 

Table 2. Comparison of the present results against the exact 

one for different values of 𝐷𝑎−1 for the calculation of 𝑎 =
𝑓𝜂𝜂(0) and when 𝜉 = 1 and 𝑉𝑐 = 0 

 

𝑫𝒂−𝟏 Exact 

results 

Present 

results 

0 -1.000000 -1.000194 

0.5 -1.224740 -1.225161 

1 -1.414213 -1.414184 

 

Moreover, the present method is compared, for various 

𝐷𝑎−1 numbers, against the exact solution of Eq. (11) as Table 

2 is showing, Da-1 dependence on the results can be captured, 

also, very well. 

 

Table 3. Comparison of 𝑎 = 𝑓𝜂𝜂(0) calculation for different 

ξ values in the absence of 𝐷𝑎−1 and 𝑉𝑐 against results from 

Refs. [31-33] 

 

ξ Ref. [31] Ref. [32] Ref. [33] 
Present 

resuts 

0 -0.564189 -0.564189 -0.564374 -0.564189 

0.5 -0.790412 -0.801820 -0.800412 -0.790741 

0.8 -0.920056 -0.925270 -0.920055 -0.920470 

0.9 -0.962333 -0.963376 -0.962340 -0.961664 

1 -1.000000 -1.000000 -1.000000 -1.000194 

 

Finally, results from the present method are compared for 

various ξ against Refs. [31-33] for the calculation of 𝜉 in the 

case of 𝐷𝑎−1 = 𝑉𝑐 = 0 are very accurate. Since the present 

method is found adequate to calculate Eq. (13), the unsteady 

flow, the impulsive porous stretching sheet will be analyzed in 

the next section.  

 

 

5. RESULTS AND DISCUSSION 

 

Using the approximate series, solution of the function 

𝑓(𝜂, 𝜉)  and its derivative 𝑓(𝜂, 𝜉)  are determined Adomian 

Decomposition Method. Incorporating the condition at 

infinity, the unknown 𝑎 = 𝑓𝜂𝜂(0) is determined by applying 

the Pade approximants [𝐿/𝑀] while following the procedure 

proposed by Boyd [28]. The numerical results of 𝑎 = 𝑓𝜂𝜂(0) 

are listed in Table 1 for various values of 𝜂 An excellent match 

is found with the exact value −
1

√𝜋
= −0.564190 for 𝜉=0  in 

the absence of 𝐷𝑎−1 and Vc parameters as L and M increase. 

Comparison of the results against the exact solution of 𝑓(𝜂) 

and 𝑓𝜂(𝜂) are depicted in Figure 1 and Figure 2, respectively, 

for the cases 𝜉 = 0 and 𝜉 = 1 in the absence of the parameters 

𝐷𝑎−1  and 𝑉𝑐  proving that they are in excellent agreement. 

Besides the comparison between the present results and the 

exact solution, the temporal evolution of the transverse and the 

axial velocity profiles are presented as 𝜂 increases from the 

initial time of 𝜉 = 0 to the equilibrium time at 𝜉 = 1 where 

steady-state conditions are found. This temporal evolution of 

the transverse velocity component gives also inputs about the 

development of the boundary layer of the film and the 

evolution of its thickness as it will be discussed below.  

 

 
 

Figure 1. Transverse velocity profile 𝑓(𝜂) in respect to ,  

for 𝜉 = 0 and 𝜉 = 1 with 𝑉𝑐 = 0 and 𝐷𝑎−1 = 0 

 

 
 

Figure 2. Axial velocity profile 𝑓𝜂(𝜂) in respect to 𝜂 for 𝜉 =

0 and 𝜉 = 1 with 𝑉𝑐 = 0 and 𝐷𝑎−1 = 0 

 
The effect of 𝐷𝑎−1  in the two velocity components 𝑓(𝜂) 

and 𝑓𝜂(𝜂) are shown in Figures 3 and 4, respectively, for 𝜉 =

1 and 𝐷𝑎−1 = 0 As porosity increases, the fluid flows more 

difficult and thus both velocity components are reduced. The 

most significant effect of porosity increase is found on the 

transverse velocity since axial momentum is driven by the 

fixed wall motion and its decrease due to porosity is 

transferred immediately transversally. Porosity increase has 

also a significant influence on the thickness of the boundary 

layer as it is shown in Figure 4. Thus, as 𝐷𝑎−1 increases and 

the flow is slowed due to porosity increase, the boundary layer 

thickness is reduced.   

 

 
 

Figure 3. Transverse velocity profile 𝑓(𝜂) in respect to 𝜂 for 

different values of 𝐷𝑎−1 with 𝑉𝑐 = 0 and 𝜉 = 1 
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Figure 4. Axial velocity profile 𝑓𝜂(𝜂) in respect to 𝜂 for 

different values of 𝐷𝑎−1 with 𝑉𝑐 = 0 and 𝜉 = 1 

 

As the stretching velocity of the sheet increases from 𝑉𝑐 =
−0.5 to 0.2 for the equilibrium conditions at 𝜉 = 1 and for 

𝐷𝑎−1 = 0.5, the transverse velocity profiles are following the 

same distribution along 𝜂, with its magnitude to be linearly 

decreased as 𝑉𝑐 decreases. The boundary value of the 

transverse velocity is determined by the boundary condition 𝑉𝑐 

at 𝜂 = 0, while the velocity is developed with increased slope 

as 𝑉𝑐 increases.   

 

 
 

Figure 5. Transverse velocity profile 𝑓(𝜂) in respect to 𝜂 for 

different values of 𝑉𝑐 with 𝐷𝑎−1 = 0.5 and 𝜉 = 1 

 

 
 

Figure 6. Axial velocity profile 𝑓(𝜂) in respect to 𝜂 for 

different values of 𝜉 with 𝐷𝑎−1 = 0 and 𝑉𝑐 = 0 

 

The temporal effect on the velocity profile is shown in 

Figure 6 for the axial velocity component 𝑓𝜂(𝜂) for various ξ 

and for 𝐷𝑎−1 = 0  and 𝑉𝑐 = 0  The transverse velocity 

component is less sensitive to temporal variations since it is 

the flow driven direction. As the surface of the film is under 

stronger transient conditions the most important temporal 

effects are found for 𝜂 > 1.5 while for 𝜂 < 1.5 no significant 

temporal effects are encountered due to the stabilized action of 

the fixed wall suction/injection parameter. Thus, the thickness 

of the boundary layer is progressively increased as 𝑉𝑐 

increases until it is found its equilibrium value for 𝜉 = 1. 

 

 

6. CONCLUSIION 

 

With the proposed methodology, a sound analytical series 

solution using ADM with Pade approximants is obtained for 

the film porous flow in a stretching sheet that is compared 

successfully to the solutions obtained by other authors for the 

cases 0 < 𝜉 < 1 as well as 𝜉 = 0 and 𝜉 = 1. As 𝜉 increases, 

the ratio of the axial 𝑓𝜂(𝜂, 𝜉) to transverse 𝑓(𝜂, 𝜉) velocity is 

found to increase and, thus, laminar boundary layer thickness 

decreases. Moreover, a large variation in the velocity profile 

away from the surface of the sheet can be extracted from the 

method application as the inverse Darcy number and the 

suction/injection parameter varied. 
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