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ABSTRACT 
 
The objective of this numerical study is to investigate the best geometric configuration that maximises heat transfer from the 
heated base by allowing both the length of the solid substrate and the microchannel heat sink freedom to morph. The 
thermal performance of the microchannel is based on the minimised peak temperature on the heated surface which gives a 
global minimised thermal resistance. The optimisation of the geometric parameters of the heat sink and solid substrate is 
carried out using a computational fluid dynamics code with a goal-driven optimisation algorithm. Results of the effect of 
Bejan number on the minimised peak temperature and minimised thermal resistance for solid substrate with varying axial 
lengths of 1 to 10 mm but fixed volume of 0.9 mm3 is presented. Results of optimal channel aspect ratio, solid volume 
fraction and channel hydraulic diameter of the microchannel were also presented. 
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1. INTRODUCTION 

The constructal law which is the evolutionary principle of 
increase of flow access in time [1, 2] has been used by many 
researchers to determine best geometric configuration of heat 
sinks that maximise heat transfer from heated surfaces or 
volumes to the cooling fluid. 

Muzychka [3] carried out an analytical study using 
constructal design approach to determine the optimal passage 
size to length ratio in terms of Bejan number for different 
shapes of cooling channels that maximises heat transfer rate 
per unit volume. A simple optimal duct shape was developed 
in his study. In another investigation carried out by Muzychka 
[4], a constructal multi-scale design approach was presented 
which allowed for maximum heat dissipation in systems using 
circular micro-tubes. Results obtained from his study showed 
that the use of multi-scale design techniques gives greater 
performance of heat sink core structures when compared with 
conventional design approaches. 

Bello-Ochende et al. [5] also used the constructal 
approach to determine numerically the best possible geometry 
for a microchannel heat sink with fixed axial length and 
volume which minimises peak temperature when the pressure 
difference across the volume is fixed. Their results showed 
that optimal microchannel shape and minimised peak 
temperature were functions of the applied pressure difference 
and solid volume fraction. 

 
 

 
Some other studies that were carried out to investigate fluid 

flow and heat transfer in microchannel heat sinks using 
constructal approach were by Bello-Ochende et al. [6–8], 
Adewumi et al. [9], Olakoyejo et al. [10], Salimpour et al. 
[11] and Xie et al. [12] to mention a few.  

In the search for the optimal configuration of the 
microchannel carried out in these studies outlined above, both 
the volume and axial length of the solid were both fixed 
except for the investigation carried out by Bello-Ochende et 
al. [6] where results of optimised microchannel geometry 
were presented for relaxed axial length. In their study, the 
variation of the surface heat flux q″ on the heated wall with 
changes in axial length was not considered because they 
assumed a constant surface heat flux of 100 W/cm2.  

Microelectronic chips release heat load Q on the surface of 
the solid substrate on which they are mounted and the surface 
area of this solid substrate is used to calculate the surface heat 
flux q″. This means that if the axial length and width of the 
solid substrate is free to morph, the surface heat flux q″ will 
vary. This variation in surface heat flux is taken into 
consideration in this present study. The objective of this study 
is to search for the optimal geometric configuration of both 
the solid substrate and microchannel heat sink that minimises 
the peak temperature on the heated surface when the total 
volume is fixed but axial length is varied. This numerical 
investigation is carried out using a computational fluid 
dynamics code with a goal-driven optimisation tool. 
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2. COMPUTATIONAL MODEL 

In real applications, many microchannels are arranged in a 

solid substrate for effective cooling of the substrate. However, 

after applying symmetry conditions on the physical model 

shown in Figure 1a, an elemental volume is taken as the 

computational model as shown in Figure 1b. Using an 

elemental volume as the computational model is the 

constructal approach because we are starting from a basic 

construction unit [5]. 
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Figure 1. Single microchannel heat sinks (a) Physical model (b) Computational volume 
 

The length N, height M and width W of the solid was 
allowed to morph while the total volume of microchannel V 
was fixed. The geometric dimensions t1, t2, t3, t5, Hc and Wc 
were also allowed to vary but subject to manufacturing 
constraints shown in Equations (4-6). The solid volume 

fraction or porosity   is defined as the ratio of the solid 

volume to the total volume of the heat sink, which is only 
dependent on the cross-sectional area of the heat sink as 
shown in Equation (9). 
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The fixed global volume is defined as 
 

constMWNV                                                       (2) 

The aspect ratio AR of the solid substrate is 
W

M
 

The hydraulic diameter Dh is defined as 
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Where ARc is the channel aspect ratio defined as 
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The manufacturing constraints [6] are 
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mt 502                                                                       
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mtM 503              (6) 

 
The total heat load on the heated bottom wall Q is 100 W 

where Q is defined as 
 

NWnqQ ''             (7) 

 
where NW is the elemental surface area that is heated and 

the number of microchannels n is assumed to be 100. 
 

2.1 Basic equations and boundary conditions 
 

The present study assumes that the flow is steady and 
laminar. The cooling fluid, which is water, is also assumed to 
be incompressible and homogeneous with temperature-
dependent thermophysical properties. The thermophysical 
properties of water were defined using the piecewise-linear 
function of temperature as shown in Equation (8) below [13]. 
Radiation and natural convection are assumed to be 
negligible. 
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Where 1 ≤ a ≤ L and L is the number of segments while 

 is the fluid property. 

The temperature distribution within the geometry used in 
this study was determined by solving the conservation of 
mass, momentum and energy Equations (9)-(12) numerically. 
The governing equations solved after applying the above 
assumptions are, 

 

0 v


           (9) 

 

  vPvv
 2           (10) 
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The energy equation for the solid regions can be written as: 

 

02  Tks          (12) 

 
The heat flux between the interface of the fluid and the 

solid walls is coupled and its continuity between the interface 
of the solid and the liquid is given as: 
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The inlet boundary conditions p = Pin , v = w =0,  T = Tin 

where outin P

V

Be
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. Be known as Bejan number [14, 

15] is the dimensionless pressure difference and 

pC

k


  . 

At the outlet, the boundary condition is specified as, Pout = 
Patm. Symmetry boundary conditions are specified at the left 
and right side of the domain. A no-slip boundary condition is 
specified at the walls. The measure of performance is the 
global thermal resistance which is expressed as 

 

Q

T
Rth


          (14) 

 
where the peak wall temperature difference ΔT is  
 

minmax TTT                                                    (15) 

 
 

3. NUMERICAL AND OPTIMISATION PROCEDURE 
 

The Navier-Stokes mass conservation and energy Equations 
(9-12) along with the specified boundary conditions were 
solved numerically using a three-dimensional computational 
fluid dynamic code [13], which employs a finite volume 
method. The detail of this method is explained by Patankar 
[16]. The computational domain was meshed using 
hexagonal/wedge, tetrahedron and pyramid elements. The 
momentum and energy equations were solved using the 
second-order upwind scheme and the coupling of the pressure 
and velocity fields were controlled using the SIMPLE 
algorithm. The solution is assumed to converge when the 
normalised residuals of the continuity and momentum 
equation fall below 10-5 while that of the energy equation falls 
below 10-7. The convergence criterion for the peak 
temperature as the quantity monitored is, 

 

γ = 
   

 




 

i

ii

T

TT 1
 0.01                       (16) 

 
 
 
 

where i is the mesh iteration index. The mesh is more 
refined as i increases and i-1 mesh was selected as the 
convergence criterion when Equation (16) was satisfied. The 
mesh refinement tests and code validation was already carried 
out in our previous study [9]. 

The computational fluid dynamics code used in this study 
[13] has a goal-driven optimisation (GDO) tool which is used 
to carry out the geometric optimisation of the microchannel 
heat sinks. It uses the response surface methodology (RSM) 
for its optimisation process. The RSM uses a group of 
mathematical and statistical techniques to develop an 
adequate functional relationship between a response of 
interest and a number of input variables, which has been 
thoroughly explained in literature [17, 18]. When the response 
surface methodology is applied to computer simulation 
experiments, it is used to build a model of the system being 
investigated. This model is called a metamodel. It is on this 
metamodel that optimisation is carried out. 

Numerical simulations and optimisation were carried out 
for a fixed total volume V of 0.9 mm3 with varied axial length 
N of 1 to10 mm. The temperature of water pumped across the 
micro-channel was 20 ˚C at the inlet and total heat load 
applied to the bottom wall was 100W. The design space for 
the response surface for the fixed total volume was defined as 
50 ≤ Wc ≤ 80 µm, 50 ≤ M - t3 ≤ 60 µm, and 500 ˂ Hc ˂ 3000 
µm. The optimised design point chosen was required to meet 
the manufacturing constraints for pressure drops of 10 to 
60kPa which corresponds to the range of Bejan number 6.5 x 
107 ≤ Be ≤ 3.9 x 108.  

 
 

4. RESULTS AND DISCUSSIONS 
 

In our previous study [9], the thermophysical properties of 
water, which is the cooling fluid, were assumed constant. In 
this present study, temperature-dependent property of water 
was considered and results of minimised peak temperature 
were compared to those of the previous study. 

Figure 2 showed that at the lowest Be used in this study, the 
result of minimised peak temperature when constant fluid 
properties assumptions was made was 5% more than when 
temperature-dependent properties of fluid was used for the 
numerical simulation. This variation reduces as the Be is 
increased and for the Be of 3.9 x 108, the difference between 
the two results was less than 1%. It can be concluded from the 
result shown in Figure 2 that it is not accurate to assume 
constant fluid properties for water at low pressure drops. 

Figure 3 showed how varying the axial length of the solid 
substrate affects the surface heat flux q″ on the heated wall for 
the constant heat load Q of 100W and fixed total volume of 
0.9 mm3. It was observed that as the length is increased from 
1 to 10 mm, q″ reduces. The results also showed decreasing 
surface heat flux as the solid substrate aspect ratio was 
decreased for all the axial lengths investigated. 
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Figure 2. Effect of dimensionless pressure drop on 
minimised peak temperature 
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Figure 3. Effect of varying axial length on surface heat 
flux 

 
The effect of varying the axial length of the solid substrate 

on the minimised peak temperature is shown in Figure 4. The 
results showed that at fixed AR of 3, the optimal axial length 
Nopt was 3 mm when Be = 6.5 x 107, but as Be increased, Nopt 
was discovered to be 5 mm. Increasing the axial length above 
5 mm did not further improve the thermal performance of the 
microchannel rather the minimised peak temperature 
increased. 

Figure 5 shows results of the effect of varying AR on the 
minimised peak temperature at a fixed Bejan number Be = 1.3 
x 108. It was observed that the optimal AR =3 for axial length 
≤ 5 mm but became ˃ 3 as N increased. Results in Figure 4 
and 5 showed that global ARopt that minimises the peak 
temperature was 3. 
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Figure 4. Effect of varying axial length on minimised peak 
temperature for AR = 3 
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Figure 5. Effect of varying solid substrate aspect ratio AR 
on minimised peak temperature for Be = 1.3 x 108 

 
The results of global optimal channel aspect ratio, solid 

volume fraction, channel hydraulic diameter, solid substrate 
aspect ratio and axial length are shown in Figure 6. For the 

lowest Be,   11
optcAR  8.0opt

 
and mmNopt 3

 
but when Be was 1.3 x 108 to 3.9 x 108, the optimal channel 
aspect ratio and solid volume fraction were   8 and 0.7 

respectively while mmNopt 5 . The optimal channel 

hydraulic diameter   mD
opth 140

 
and the solid substrate 

aspect ratio   3optAR for all Be considered in this study. 

 

S170



0

5

10

15

20

25

0 1x10
8

2x10
8

3x10
8

4x10
8

5x10
8

(AR
c
)
opt


opt

 x 10

(D
h
)
opt

 x10
2

(AR)
opt

N
opt(AR

c
)
opt


opt

(D
h
)
opt

 (mm)

(AR)
opt

N
opt

 (mm)

Be  
 

Figure 6. Optimal microchannel and solid substrate dimensions 
 

The results of global thermal resistance and corresponding 
surface heat flux for the optimal microchannel and solid 
substrate dimensions are shown in Figure 7. As the Be 
decreases Rth decreases from 0.097 to 0.059 ˚C/W while the  

 
surface heat flux q″ was discovered to decrease from 
105.41W/cm2 when Be = 6.5 x 107 to a constant value of 
81.65W/cm2 as the Be increased from 1.3 x 108 to 3.9 x 108. 
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Figure 7. Effect of dimensionless pressure drop on the (a) global minimised thermal resistance (b) surface heat flux 
 
 

5. CONCLUSIONS 
 
In this paper it has been shown by numerical investigations 

that the global thermal resistance of a microchannel heat sink 
with varying axial length can be minimised by optimising the 
geometric dimensions of both the microchannel and the solid 
substrate while taking into consideration changes in the 
surface heat flux. For a fixed total volume V of 0.9 mm3 and 
constant heat load Q of 100W on the heated wall, the optimal 
axial length was discovered to be 3 mm with minimised peak 
temperature of 29.68˚C, minimised global thermal resistance 
of 0.097˚C/W and surface heat flux of 105.41W/cm2 at 
pressure drop of 10kPa which corresponds to Be = 6.5 x 107.  

 
 

As the Be was increased, the optimal axial length increased 
and became fixed at 5 mm.  The global optimal solid substrate 
aspect ratio AR was a fixed value of 3 for the range of Be 
considered in this study. Results of optimal channel aspect 
ratio, solid volume fraction and channel hydraulic diameter 
were also presented in this paper. 
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