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In recent years, many countries have been confronted with an extended period of drought, 

necessitating innovative water supply solutions for both human consumption and 

agricultural irrigation. In response, wastewater treatment plants (WWTPs) have emerged 

as pivotal agents in water recycling, catering to agricultural needs and environmental 

considerations. These plants facilitate the transformation of wastewater into potable or 

irrigation-ready water. Amidst the array of WWTP designs, the "Continuous-Station" 

holds a distinctive position, featuring a monolithic steel-structure meticulously crafted 

from either conventional or stainless-steel. Presently, the prevalent approach involves the 

application of anti-corrosion paint to protect this monolithic structure from the corrosive 

effects of aggressive substances present in wastewater. However, an innovative strategy 

is being explored – the incorporation of tungsten, an anti-corrosive element, into the 

stainless-steel alloy. This integration shows promising potential to enhance resilience 

against the relentless degradation forces within wastewater, simultaneously bolstering the 

mechanical properties of the steel. This research paper exclusively focuses on analyzing, 

analytically, the hydrostatic bending performance of WWTP structural components 

infused with nano-tungsten-particles. The range of incorporation spans from a baseline 

of 0%, representing the steel without any infusion, to an optimal threshold of 30% relative 

to the overall volume of the steel matrix. The elastic-properties of the composite steel-

tungsten alloy are characterized using Mori-Tanaka’s homogenization model. The 

WWPT structural components are simplified as plates and analyzed using an advanced 

mathematical model based on the refined plate theory. The outcomes underscore a 

notable enhancement in flexural strength by augmenting the fraction of tungsten 

nanoparticles within the stainless-steel matrix. 
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1. INTRODUCTION

Climate change has taken a prominent toll on Algeria in 

recent times, culminating in severe drought conditions, 

particularly accentuated in the last decade. This alarming issue 

has significantly impacted the nation's agricultural sector [1]. 

The ramifications of climate change are manifest through 

escalated air temperatures, the melting of glaciers, rising sea 

levels, aggravated desertification, and a surge in extreme 

weather events encompassing heat waves, droughts, floods, 

and storms. Notably, the impact of climate change varies 

across regions, imposing disproportionate effects on different 

areas [2]. To elucidate the transformations observed within the 

Algerian locale spanning the last forty years, we present in 

Figure 1 a graphical depiction that relies on ERA5 data, 

sourced from the fifth-generation ECMWF Atmospheric 

Analysis of Global Climate. Encompassing the temporal span 

from 1979 to 2021 and boasting a spatial resolution of 30 km, 

this dataset furnishes a holistic vantage point pertaining to the 

dynamic evolution of the climatic milieu [3].  

The profound ramifications of this climate-induced 

metamorphosis have triggered a surge in comprehensive 

investigations, seeking to unravel its multifaceted effects on 

Algerian agricultural practices. The in-depth econometric 

analysis covering the years 1980 to 2020, entitled "Impact of 

Climate Change on Agricultural Production in Algeria", 

represents a major scientific effort in this field. This study, 

aspired to proffer a comprehensive assessment of the intricate 

repercussions within Algerian agriculture, notably directs 

attention to the preceding two decades a span during which a 

staggering 30% reduction in precipitation levels has unfurled 

across the nation, in turn precipitating a consequential and 
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disquieting decline in agricultural productivity [4]. 

Compelling statistics furnished by Algeria's national bureau 

serve to underscore the gravity of this situation, portraying a 

disconcerting 30% downturn in agricultural yield within the 

western region. More alarmingly, the eastern region bears 

witness to a pronounced 40% decrement over this same pivotal 

time frame [5, 6], as visually elucidated in Figure 2. This 

distressing trajectory places the agricultural sector on a 

precipitous course, grappling with the dual challenges of 

diminishing rainfall and localized production. 

The confluence of these challenges has galvanized the need 

for effective and expedient remedial measures. In response, 

the Ministry of Hydraulics has taken resolute steps, adopting a 

strategic policy that pivots around the innovative reuse of 

wastewater. The trajectory of this wastewater treatment 

initiative is artfully delineated in Figure 3, embodying the 

overarching aim of establishing wastewater treatment 

protocols that synergistically dovetail with sustainable 

agricultural practices [7]. 

In the context of wastewater treatment, a wide variety of 

approaches come into play, encompassing diverse methods 

such as biological treatment utilizing activated sludge, 

treatment through trickling filters, lagooning, membrane 

filtration, and UV disinfection [8]. These methods can be 

implemented using an array of materials, ranging from steel, 

reinforced concrete, and PVC, to cut stones and compact 

backfilled substances. Among the numerous designs for 

wastewater treatment plants, one notable innovation takes the 

form of the "Continuous Station," distinguished by its 

monolithic structure. While upholding the foundational 

principles of conventional treatment plants, this design stands 

out by virtue of its compact footprint, providing an efficient 

solution tailored to environments with spatial limitations. 

As illustrated in Figure 4, the operational rhythm of the 

monobloc station unveils a process underpinned by several 

key zones [9]: 

 

 
 

Figure 1. Precipitation and temperature change (Climate 

change in Algeria 1979-2021) 

 

 
 

Figure 2. Statistics of the production of agricultural products 

in Algeria (2018-2020) 

 
 

Figure 3. The water system in Algeria (drinkingwater-wasre 

water) with purification cycle 

 

 
 

Figure 4. The system of purification by the contumely 

station or monobloc system 

 

(1): An unventilated area housing a vertical flow labyrinth. 

(2): A ventilated zone. 

(3): A sedimentation zone. 

(4): An integrated retention space. 

(5): Internal recirculation. 

(6): Recirculation of impurities. 

(7): Aeration through the introduction of fine bubbles. 

(8): Implementation of a flow regulator. 

This specific design has found practical realization within 

Algeria, notably gaining prominence within the 'BABA-ALI' 

region nestled within the Wilaya of AIN DEFLA. Initially, this 

installation was executed using conventional steel, a choice 

that, while structurally robust, exposes the framework to 

potential corrosion due to the chemical constituents present in 

wastewater. Faced with this acknowledged vulnerability, our 

research endeavors to both address and circumvent these risks 

through the advocacy of an alternative material strategy—

namely, the integration of a steel alloy fortified with tungsten 

nanoparticles. 

The burgeoning field of nanotechnology has led to 

revolutionary advances in a number of sectors, construction 

engineering being no exception [10]. Nanoparticles, owing to 

their exceptional properties at the nanoscale, have ignited 

immense interest in their potential applications to enhance 

conventional construction materials [11]. These nanoparticles, 

including silicon oxide [12, 13], ferric oxide [14], alumina 

oxide [15], zircon [16], and titanium oxide [17], may have 

inherent limitations, but their potential can be unlocked 

through the strategic integration of nanoparticles. 

Nanoparticles exhibit unique behaviors due to their high 

surface area-to-volume ratio and quantum effects, making 

them versatile candidates for enhancing thermal, electrical, 

chemical, and mechanical properties of construction materials 

[18]. In civil engineering, nanoparticles have been extensively 

explored to bolster the performance of foundational materials 

like concrete and steel. This avenue of research has led to the 

development of materials with enhanced strength, durability, 

and multifunctionality [19]. 

In the context of thermal enhancement, nanoparticles have 

demonstrated remarkable potential by improving the thermal 
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conductivity of materials. This attribute is crucial for 

maintaining energy efficiency in construction, thereby 

contributing to sustainable infrastructure. For instance, Harrat 

et al. [20], investigated the thermoelastic bending behavior of 

concrete infused with ferric oxide nanoparticles. Similarly, 

Benfrid et al. [21], conducted an analytical study exploring the 

impact of glass powder additives on concrete beams exposed 

to thermal loading. Both studies concluded that the addition of 

these entities enhances the mechanical properties of concrete 

while concurrently affecting its thermal characteristics due to 

the nanoparticles' high thermal conductivity. In a separate 

study, Chatbi et al. [22] conducted a mechanical analysis of 

polymer structures reinforced with either aligned or randomly 

aligned carbon nanotubes using the MORI-TANAKA 

approach. The findings highlighted a significant enhancement 

in the mechanical properties of polymers due to carbon 

nanotubes reinforcement. The same authors also performed an 

analytical investigation on the mechanical response of 

concrete beams reinforced with various types of clay 

nanoparticles, emphasizing the enhancement capabilities of 

these additives through a strategic integration [23]. Still in the 

realm of construction materials, nanocomposites offer the 

promise of greater strength, enhanced ductility, improved and 

corrosion resistance. For example, research by Long et al. [24] 

has shown that the addition of nano-sized reinforcements, such 

as graphene oxide nanosheets, can significantly increase the 

dynamic mechanical properties of cement paste. Similarly, 

studies by Behzadian and Shahrajabian [25], Wang et al. [26], 

Zhang et al. [27] and Bhatta et al. [28] have explored the 

effects of incorporating silica nanoparticles on the mechanical 

and durability properties of cementitious materials, showing 

improvements in both strength and resistance to 

environmental degradation. 

Additionally, nanoparticles have proven invaluable in 

electrically conductive composites, opening avenues for smart 

structures and sensors that can monitor and adapt to changing 

environmental conditions. McCall [29] and Magnani et al. [30], 

have discussed the piezoelectric properties of nano-infused 

polymers. Furthermore, new synthesis and characterization 

techniques have been developed as a result of recent advances 

in nanotechnology, giving researchers more precise control 

over the characteristics of nanocomposites. To improve 

dispersion and interfacial bonding, for instance, functionalized 

nanoparticles can be used to increase their compatibility with 

the matrix material [31-33]. 

The focus of this study centers on tungsten nanoparticles, a 

particular class of nanoparticles that hold promise as a 

formidable agent against corrosion in construction materials 

[34]. Corrosion poses a significant challenge in civil 

engineering, often resulting in deterioration and reduced 

lifespan of structures [35]. Tungsten, renowned for its 

exceptional anti-corrosion properties, has been investigated 

for its potential to mitigate the corrosive effects of harsh 

environments on construction materials. Burkov and Chigrin 

[36], performed an experimental study on the effect of 

tungsten, molybdenum, nickel and cobalt on the corrosion and 

wear performance of Fe-based metallic glass coatings. They 

concluded that doping metallic glass coatings with tungsten 

and nickel improves anticorrosion properties in both high-

temperature oxidation and electrochemical corrosion.  

Several other studies have confirmed the protective effect 

of tungsten against corrosion, for instant, Nishimura et al. [37] 

investigated the corrosion behavior of tungsten-bearing steel 

in a wet/dry environment containing chloride ions. This 

investigation aimed to address the challenges posed by force 

shortage, necessitating the use of weathering steels for 

minimal maintenance. Their findings indicated that utilizing 

tungsten coating and surface treatment in coastal areas had a 

beneficial effect on corrosion resistance. Liu et al. [38] 

explored the effects of a tungsten pre-implanted layer on the 

corrosion and electrochemical characteristics of amorphous 

carbon films on stainless steel. Their experimental findings 

demonstrated that the pre-implemented tungsten coating layer 

enhances the corrosion resistance of steel. Additionally, 

Xavier [39] delved into the impact of superior surface 

protection, mechanical strength, and hydrophobic properties 

of salinized tungsten carbide nanoparticles encapsulated 

within epoxy nanocomposite coatings on steel structures in 

marine environments. The results highlighted that the newly 

developed mercapto-propyltrimethoxysilane (MPTMS)/WC 

nanoparticles within the neat epoxy (EP) coated mild steel 

nanocomposite exhibited superior corrosion protection and 

enhanced hydrophobic behaviors (with a water contact angle 

of 144°). Furthermore, the investigated coatings displayed 

significant improvements in mechanical properties. 

Consequently, the compatibility of EP, MPTMS, and WC 

nanoparticles was established through their superior 

hydrophobicity, improved corrosion protection, and enhanced 

mechanical properties 

Furthermore, beyond its anti-corrosion prowess, tungsten 

nanoparticles exhibit a dual role by reinforcing the mechanical 

integrity of materials [40]. The incorporation of these 

nanoparticles into steel alloys has demonstrated the capacity 

to enhance strength, ductility, and overall structural 

performance [41]. Increased tungsten particle content in 

tungsten-chromium metal matrix composite coatings increases 

wear resistance, according to Bartkowski et al. [42]. Such 

attributes are paramount in environments where construction 

materials are subjected to substantial loads, pressures, and 

potentially corrosive elements. Dong et al. [43], suggested the 

addition of tungsten carbide to enhance the mechanical 

properties of a graphene/copper matrix, replacing the low-

dimensional nano-carbon materials as the interfaces between 

the nano-carbon materials and the metal matrix always present 

a significant challenge for achieving the best enhancement 

effects. They concluded that the addition of small amounts of 

tungsten can lead to a significant improvement in the tensile 

strength of the metal composite matrix. Research by Zhang et 

al. [44] investigated the use of tungsten fibers as reinforcement 

in polymer composites, highlighting their superior stiffness, 

strength, and thermal stability compared to conventional fibers 

such as glass or carbon. Moreover, studies by Liu et al. [45] 

and Chen et al. [46] focused on tungsten-reinforced 

cementitious composites, demonstrating improvements in 

flexural and impact resistance, as well as radiation shielding 

properties. 

In a broader context, water's status as a precious and limited 

resource accentuates the imperative to develop efficient 

strategies for anticipating and addressing water loss. 

Wastewater treatment plants emerge as exceptional tools for 

curbing water waste and recycling utilized water. However, 

the corrosive tendencies of wastewater posed a challenge, 

demanding a solution to mitigate the impact of corrosion. 

Because of its unique properties, including high density and 

excellent corrosion and radiation protection, tungsten is 

particularly interesting for applications in nuclear facilities and 

infrastructure exposed to extreme environmental conditions. 

Tungsten is a very promising candidate for the design of 
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wastewater treatment plant structures, providing protection 

against the ravages of aggressive water. 

Within the purview of this specific inquiry, our primary 

focus is directed towards an in-depth exploration of the 

mechanical implications stemming from the introduction of 

tungsten nanoparticles into the components comprising 

wastewater treatment plant structures. This comprehensive 

analysis focuses on the response of these structures to external 

bending loads, encompassing both static and hydrostatic 

forces. Utilizing the refined plate theory (RPT), we simulate 

the WWTP component made of stainless steel analytically. We 

employ Hamilton's principle to construct the equations of 

motion for the steel plate, while Navier's analytical solutions 

provide equilibrium solutions for a simply supported steel 

panel. Our investigation encompasses critical parameters, 

including the volume percentage of tungsten nanoparticles 

seamlessly integrated into the steel matrix. The foundation of 

the wastewater treatment plant (WWTP) is envisaged as a 

plate structure, subjected to a uniformly distributed static load 

originating from the stored water. In tandem, the WWTP 

structure's walls are postulated as plates, subjected to a linearly 

varying hydrostatic load. At the surface area, the load is null, 

whereas at the bottom, it attains its maximum magnitude. 

Moreover, this research unveils previously unreported 

outcomes, casting a fresh spotlight on the role of tungsten 

nanoparticles as enhancers for steel alloy elements. 

In essence, by elucidating the mechanical implications of 

incorporating tungsten nano-sized particles into wastewater 

treatment plant structures (WWTP), this study breaks new 

ground by presenting novel results that advance our 

understanding of materials science in the context of 

sustainable engineering. By uncovering novel results and 

exploring the complex interplay between water preservation, 

structural integrity and innovative materials, our research 

highlights the potential of tungsten nanoparticles to serve as 

effective improvers for steel alloying elements. These ideas 

not only contribute to the current discourse on sustainable 

engineering practices, but also pave the way for the 

development of a resilient infrastructure capable of meeting 

the challenges of wastewater treatment operations. 

 

 

2. HOMOGENIZATION MODEL 

 

To streamline our analytical approach, we adopt a 

simplification wherein the components of the wastewater 

treatment plant are represented as plates. This simplification is 

particularly pertinent given that corrosion tends to manifest 

predominantly at the base of the monolithic WWPT structure. 

In our model, we consider a plate configuration characterized 

by a simple support arrangement and composed of stainless 

steel as illustrated in Figure 5. 

 

 
 

Figure 5. A simply supported steel plate infused with 

Tungsten nanoparticles 

With these assumptions in place, our investigation is 

directed towards comprehending the mechanical behavior of 

this element when subjected to the hydrostatic bending loads. 

This strategic alignment of our study allows us to delve into 

the intricate interplay between structural integrity, material 

properties, and loading conditions, yielding valuable insights 

into the performance of the treated plate in real-world 

scenarios. 

To derive the equivalent elastic properties of a steel matrix 

infused with varying proportions of nano-sized tungsten 

particles, we employ the well-established Mori-Tanaka model. 

This model operates on the premise that each inclusion within 

the initial infinite matrix experiences an effective stress equal 

to the average stress exerted on the entire matrix. This 

methodology enables accurate determination of the effective 

moduli for composites containing dispersed inclusions, even 

when these inclusions constitute a substantial volume fraction 

[47]. 

One of the pivotal assumptions preceding the application of 

Mori-Tanaka's homogenization approach is the consideration 

that the dispersed inclusions possess a uniform physical form. 

In our specific scenario, the composite containing the steel 

matrix is reinforced with spherical-shaped tungsten particles 

distributed randomly in an infinite steel matrix. This 

assumption greatly facilitates the computation of the 

homogenized Young's modulus (Ehom), Bulk modulus (Khom), 

and shear modulus (Ghom). The expressions for these properties 

can be defined as follows [47]: 

 

𝐸ℎ𝑜𝑚 =
9𝐾ℎ𝑜𝑚𝐺ℎ𝑜𝑚

3𝐾ℎ𝑜𝑚+𝐺ℎ𝑜𝑚
  

𝐺ℎ𝑜𝑚 = 𝐺𝐴 +
𝑉𝑇𝐺𝐴(𝐺𝑇−𝐺𝐴)

𝐺𝐴+𝛽1(1−𝑉𝑇)(𝐺𝑇−𝐺𝐴)
  

𝐾ℎ𝑜𝑚 = 𝐾𝐴 +
𝑉𝑇𝐾𝐴(𝐾𝑇−𝐾𝐴)

𝐾𝐴+𝛽2(1−𝑉𝑇)(𝐾𝑇−𝐾𝐴)
  

(1) 

 

where, 

 

𝐾𝛼 = 𝐸𝛼/(3(1 − 2𝜈𝛼)) 
𝐺𝛼 = 𝐸𝛼/(2(1 + 𝜈𝛼)) 

(2) 

 

In Eq. (2), for the separated isotropic materials (steel and 

tungsten nanoparticles), the symbols Kα and Gα are denoted by 

the subscript α, where α represents 'A' when the intended 

calculation pertains to the steel matrix, and it represents 'T' 

when the calculated properties are associated with the tungsten 

reinforcements. These properties are expressed through the 

well-known conversion formulas for isotropic materials. 

For the spherical or ellipsoidal shaped inclusions in a metal 

matrix the, the correction coefficients β1 and β2 are expressed 

as [47]: 

 

𝛽1 =
2(4−5𝜈𝐴)

15(1−𝜈𝐴)
  

𝛽2 = 3 − 5𝛽2 
(3) 

 

Taking into account the principle that the volume of a 

composite, combined with its reinforcement, sums up to unity: 

 

𝑉𝐴 + 𝑉𝑇 = 𝑉𝑡𝑜𝑡 = 1 (4) 

 

The homogenization of Poisson's ratio is governed by Eq. 

(5), as indicated in [48]: 

 

𝜈𝐴𝑉𝐴 + 𝜈𝑇𝑉𝑇 = 𝑉ℎ𝑜𝑚 = 1 (5) 
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3. ANALYTICAL MODELLING OF THE STRUCTURE 

 

In conducting this analysis, we embrace the well-

established refined plate theory (RPT), a framework that 

intricately captures both bending and shear elements within 

the plate thickness [49]. This theory has garnered a track 

record of precision and reliability, having previously 

demonstrated its prowess in effectively prognosticating the 

intricate mechanical responses of composite plates. As an 

illustration, Zenkour [50] used the refined plate theory to 

examine the bending behavior of a functionally graded 

material plate under varying bending loads. Ahmed et al. [51] 

and Bouamama et al. [52] used it for the dynamic analysis of 

composite plates and beams respectively. Their findings 

concluded that the refined plate theory aligns seamlessly with 

observations and yields notably more accurate outcomes when 

juxtaposed against the generalized higher-order deformation 

theory of Reddy [53]. This underscores the efficacy and 

precision of the refined plate theory in capturing the intricate 

mechanical nuances of complex plate structures. 

 

3.1 Kinematics 

 

The displacement field of a material point situated at 

coordinates (x, y, z) within the plate, as governed by the 

Refined Plate Theory (RPT), can be delineated in the ensuing 

manner:  
 

𝑈(𝑥, 𝑦, 𝑧) = 𝑢0(𝑥, 𝑦) − 𝑧
𝜕𝑤𝑏(𝑥,𝑡)

𝜕𝑥
+ 𝑓(𝑧)

𝜕𝑤𝑠(𝑥,𝑦)

𝜕𝑥
   

𝑉(𝑥, 𝑦, 𝑧) = 𝑣0(𝑥, 𝑦) − 𝑧
𝜕𝑤𝑏(𝑥,𝑡)

𝜕𝑦
+ 𝑓(𝑧)

𝜕𝑤𝑠(𝑥,𝑦)

𝜕𝑦
   

𝑊(𝑥, 𝑦, 𝑧) = 𝑤𝑏(𝑥, 𝑦) + 𝑤𝑠(𝑥, 𝑦) 

(6) 

 

The shape function expressing shear across the thickness 

takes the following form [54]: 

 

𝑓(𝑧) = 𝑠𝑖𝑛ℎ−1 (
3 𝑧

ℎ
) − 𝑧

6

ℎ√13
  (7) 

 

The deformation components associated with the utilized 

refined plate theory are acquired through the following 

procedure: 

 

𝜀𝑥 =
𝜕𝑈

𝜕𝑥
;  𝜀𝑦 =

𝜕𝑉

𝜕𝑦
;  2𝛾𝑥𝑦 =

𝜕𝑈

𝜕𝑦
+

𝜕𝑉

𝜕𝑥
  

2𝛾𝑥𝑧 =
𝜕𝑈

𝜕𝑧
+

𝜕𝑊

𝜕𝑥
;  2𝛾𝑦𝑧 =

𝜕𝑉

𝜕𝑧
+

𝜕𝑊

𝜕𝑦
  

(8) 

 

The constitutive stress-strain relationships for the steel 

matrix infused with tungsten nanoparticles, are delineated as 

follows: 
 

{
 
 

 
 
σx
σy
τxy
τxz
τyz}
 
 

 
 

=

[
 
 
 
 
𝐶11
𝑇

𝐶12
𝑇

0
0
0

𝐶12
𝑇

𝐶22
𝑇

0
0
0

0
0
𝐶66
𝑇

0
0

0
0
0
𝐶44
𝑇

0

0
0
0
0
𝐶55
𝑇
]
 
 
 
 

{
 
 

 
 
εx
εy
γxy
γxz
γyz}
 
 

 
 

 (9) 

 

In this context, 𝐶𝑖𝑗
𝑇  symbolizes the diminished elastic 

constants of the amalgamated system, encompassing both the 

tungsten reinforcement and steel matrix. These constants are 

established through the application of Mori-Tanaka's 

homogenization methodology in which: 

 

 

𝐶11
𝑇 = 𝐶22

𝑇 =
(1−𝜐ℎ𝑜𝑚)𝐸ℎ𝑜𝑚

(1+𝜐ℎ𝑜𝑚)(1−2𝜐ℎ𝑜𝑚)
;   

𝐶12
𝑇 =

𝜐𝐸ℎ𝑜𝑚

(1+𝜐ℎ𝑜𝑚)(1−2𝜐ℎ𝑜𝑚)
;  

𝐶66
𝑇 = 𝐶55

𝑇 = 𝐶44
𝑇 =

𝐸ℎ𝑜𝑚

(1+𝜐ℎ𝑜𝑚)
.   

(10) 

 

3.2 Equations of motion 

 

Hamilton's principle is invoked to formulate the equations 

of motion for the nano-composite plate: 

 

∫ (𝛿𝑈 + 𝛿𝑉)𝑑𝑡
t

0

= 0  (11) 

 

where, δU and δV correspond to the virtual variations of the 

internal strain energy within the plate and the external energy 

induced by the external bending loads, respectively. 

The expression for the virtual strain energy imparted by the 

plate is as follows: 

 

𝛿𝑈 = ∫ ∫ (𝜎𝑥𝛿𝜀𝑥 + 𝜎𝑦𝛿𝜀𝑦 + 𝜏𝑥𝑦𝛿𝛾𝑥𝑦 +
ℎ/2

−ℎ/2

𝐴

0

𝜏𝑦𝑧𝛿𝛾𝑦𝑧 + 𝜏𝑥𝑧𝛿𝛾𝑥𝑧)𝑑𝐴𝑑𝑧  
(12) 

 

substituting the strain expression from Eqs. (8)-(9) into Eq. 

(12), the resultant outcome is as follows: 

 

𝛿𝑈 = ∫ (𝑁𝑥
𝜕𝛿𝑢0

𝜕𝑥
−𝑀𝑥

𝑏 𝜕
2𝛿𝑤𝑏

𝜕2𝑥
+𝑀𝑥

𝑠 𝜕
2𝛿𝑤𝑠

𝜕2𝑥
+ 𝑁𝑦

𝜕𝛿𝑣0

𝜕𝑦
−

𝐴

𝑀𝑦
𝑏 𝜕

2𝛿𝑤𝑏

𝜕2𝑦
+𝑀𝑦

𝑠 𝜕
2𝛿𝑤𝑠

𝜕2𝑦
+𝑁𝑥𝑦 (

𝜕𝛿𝑢0

𝜕𝑦
+
𝜕𝛿𝑣0

𝜕𝑥
) + 2𝑀𝑥

𝑏 𝜕
2𝛿𝑤𝑏

𝜕𝑥𝜕𝑦
+

2𝑀𝑥
𝑠 𝜕

2𝛿𝑤𝑠

𝜕𝑥𝜕𝑦
+ 𝑄𝑦𝑧 (

𝜕𝛿𝑤𝑠

𝜕𝑦
) + 𝑄𝑥𝑧 (

𝜕𝛿𝑤𝑠

𝜕𝑥
))  

(13) 

 

In Eq. (13), the stress and moment resultants are expressed 

in the following form: 

 

𝑁𝑖𝑗 = ∫ 𝜎𝑖𝑗𝑏𝑑𝑧
ℎ/2

−ℎ/2
 ; 𝑖, 𝑗 = 𝑥, 𝑦  

𝑀𝑖𝑗
𝑏 = ∫ 𝑧𝜎𝑖𝑗𝑏𝑑𝑧

ℎ/2

−ℎ/2
 ; 𝑖, 𝑗 = 𝑥, 𝑦  

𝑀𝑖𝑗
𝑠 = ∫ 𝑓(𝑧)𝜎𝑖𝑗𝑏𝑑𝑧

ℎ/2

−ℎ/2
 ; 𝑖, 𝑗 = 𝑥, 𝑦  

𝑄𝑖𝑧 = ∫ 𝑔(𝑧)𝜏𝑖𝑧𝑏𝑑𝑧 ; 𝑖 = 𝑥, 𝑦
ℎ/2

−ℎ/2
  

(14) 

 

In the case of the nano-reinforced steel plate experiencing 

mechanical bending loads denoted as 'q', the virtual external 

work engendered by these loads is defined by Equation. 

 

𝛿𝑉 = −∫ ∫ 𝑞(𝛿𝑤𝑏 + 𝛿𝑤𝑠)
ℎ/2

−ℎ/2
𝑑𝐴𝑑𝑧

𝐴
  (15) 

 

By employing Eqs. (13) and (15), within Eq. (11), and 

subsequently performing integration by parts while accounting 

for the coefficients of δu0, δv0, δwb, and δws, the resulting 

equations of motion pertinent to the refined plate theory are 

derived as follows: 

 

𝛿𝑢0 ∶  
𝜕𝑁𝑥

𝜕𝑥
+

𝜕𝑁𝑥𝑦

𝜕𝑦
= 0  

𝛿𝑣0 ∶  
𝜕𝑁𝑦

𝜕𝑦
+

𝜕𝑁𝑥𝑦

𝜕𝑥
= 0  

𝛿𝑤𝑏 ∶  (
𝜕2𝑀𝑥

𝑏

𝜕𝑥2
− 2

𝜕2𝑀𝑥𝑦
𝑏

𝜕𝑥𝜕𝑦
+

𝜕2𝑀𝑦
𝑏

𝜕𝑦2
) + 𝑞 = 0  

𝛿𝑤𝑠 ∶  (
𝜕2𝑀𝑥

𝑠

𝜕𝑥2
− 2

𝜕2𝑀𝑥
𝑠

𝜕𝑥𝜕𝑦
+

𝜕2𝑀𝑦
𝑠

𝜕𝑦2
) + (

𝜕𝑄𝑥𝑧

𝜕𝑥
+

𝜕𝑄𝑦𝑧

𝜕𝑦
) +

𝑞 = 0  

(16) 
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3.3 Navier’s solutions for simply supported plates 

 

Contemplate a rectangular steel plate (as depicted in Figure 

5), which is simply supported. The boundary conditions for a 

simply supported steel plate reinforced with spherical shaped 

tungsten nanoparticles are defined as follows: 

 

𝑥 = 0 𝑎𝑛𝑑 𝑥 = 𝑎 ∶ 𝑣0 = 𝑤𝑏 = 𝑤𝑠 = 𝑁𝑥 = 𝑀𝑥
𝑏 = 𝑀𝑥

𝑠 = 0 

𝑦 = 0 𝑎𝑛𝑑 𝑦 = 𝑏 ∶ 𝑢0 = 𝑤𝑏 = 𝑤𝑠 = 𝑁𝑦 = 𝑀𝑦
𝑏 = 𝑀𝑦

𝑠 = 0 
(17) 

 

The admissible displacement functions according to Navier, 

expressed as trigonometric series and fulfilling the boundary 

conditions outlined in Eq. (17), are presented as follows: 

 

𝑢(𝑥, 𝑦) = ∑ ∑ 𝑈𝑚𝑛𝑐𝑜𝑠(𝜆𝑥) 𝑠𝑖𝑛(𝜇𝑦)
∞
𝑚=1

∞
𝑛=1   

𝑣(𝑥, 𝑦) = ∑ ∑ 𝑉𝑚𝑛𝑠𝑖𝑛(𝜆𝑥) 𝑐𝑜𝑠(𝜇𝑦)
∞
𝑚=1

∞
𝑛=1   

𝑤𝑏(𝑥, 𝑦) = ∑ ∑ 𝑊𝑏𝑚𝑛𝑠𝑖𝑛(𝜆𝑥) 𝑠𝑖𝑛(𝜇𝑦)
∞
𝑚=1

∞
𝑛=1   

𝑤𝑠(𝑥, 𝑦) = ∑ ∑ 𝑊𝑠𝑚𝑛𝑠𝑖𝑛(𝜆𝑥) 𝑠𝑖𝑛(𝜇𝑦)
∞
𝑚=1

∞
𝑛=1   

(18) 

 

here, (Umn, Vmn, Wbmn, Wsmn) are the arbitrary parameters to be 

determined. where, λ=mπ/a and μ=nπ/b. For the ensuing 

outcomes, an increased number of iterations (n=201, m=201) 

was employed to achieve greater precision and accuracy in the 

results. This decision was based on the available 

computational resources, enabling more comprehensive 

calculations and enhanced precision. 

In our analysis, we posit that the transverse bending load "q" 

manifests as hydrostatical forms, as illustrated in Figure 6. 

These bending loads can be effectively represented through 

the utilization of the Double-Fourier series, as depicted below: 

 

𝑞(𝑥, 𝑦) = ∑ ∑ 𝑄𝑚𝑛
∞
𝑛=1

∞
𝑚=1 𝑠𝑖𝑛(𝜆𝑥)𝑠𝑖𝑛(𝜇𝑥)  (19) 

 

where, 

 

𝑄𝑚𝑛 = {
                   

8𝑞0

𝑚𝑛𝜋2
𝑐𝑜𝑠(𝑚𝜋)  (20) 

 

 
 

Figure 6. Simply supported steel plate subjected to external 

bending linear hydrostatic load 

 

Ultimately, to attain the analytical solutions, the outcomes 

of the substitution can be organized into the subsequent matrix 

format: 

 

[
 
 
 
 
𝑘11 𝑘12 𝑘13 𝑘14
𝑘21 𝑘22 𝑘23 𝑘24
𝑘31 𝑘32 𝑘33 𝑘34
𝑘41 𝑘42 𝑘43 𝑘44]

 
 
 
 

{
 
 

 
 𝑈𝑚𝑛
𝑉𝑚𝑛
𝑊𝑏𝑚𝑛

𝑊𝑠𝑚𝑛}
 
 

 
 

=

{
 
 

 
 0
0
𝑄𝑚𝑛
𝑄𝑚𝑛}

 
 

 
 

   (21) 

 

 

where, 

 

𝑘11 = −𝐴11𝜆
2 − 𝐴66𝜇

2;  𝑘12 = −𝜆𝜇(𝐴66 + 𝐴12); 
𝑘13 = 𝐵11𝜆

3 + (2𝐵66 + 𝐵12)𝜆𝜇
2; 

𝑘14 = 𝐵𝑠11𝜆
3 + (2𝐵𝑠66 + 𝐵𝑠12)𝜆𝜇

2 
𝑘21 = 𝑘12;  𝑘22 = −(𝐴11𝜆

2 + 𝐴66𝜇
2); 

𝑘23 = 𝐵22𝜇
3 + (2𝐵66 + 𝐵12)𝜆

2𝜇; 
𝑘24 = 𝐵𝑠22𝜇

3 + (2𝐵𝑠66 + 𝐵𝑠12)𝜆
2𝜇; 

𝑘31 = 𝑘13 ;  𝑘32 = 𝑘23 ; 
𝑘33 = −𝐷11𝜆

4 + 2𝜆2𝜇2(𝐷12 + 2𝐷66) + 𝐷22𝜇
4; 

𝑘34 = −𝐷𝑠11𝜆
4 + 2𝜆2𝜇2(𝐷𝑠12 + 2𝐷𝑠66) + 𝐷𝑠22𝜇

4; 
𝑘41 = 𝑘14 ;  𝑘42 = 𝑘24 ;  𝑘43 = 𝑘34 ; 

𝑘44 = −𝐴𝑠𝑠11𝜆
4 − 2𝜆2𝜇2(𝐴𝑠𝑠12 + 2𝐴𝑠𝑠66)

+ 𝐴𝑠𝑠22𝜇
4 + 𝐴𝑐𝑐55𝜆

2 + 𝐴𝑐𝑐44𝜇
2; 

(22) 

 

{𝐴, 𝐵, 𝐷, 𝐴𝑠, 𝐵𝑠 , 𝐴𝑠𝑠} =

∫ {1, 𝑧, 𝑧2, 𝑓(𝑧), 𝑧𝑓(𝑧), 𝑓(𝑧)2}
ℎ

2

−ℎ 2⁄
𝐶𝑖𝑗
𝑇𝑏𝑑𝑧e  

{𝐴𝑐𝑐} = ∫ {𝑔(𝑧)²}
ℎ/2

−ℎ 2⁄
𝐶𝑖𝑗
𝑇𝑏𝑑𝑧  

(23) 

 

 

4. RESULTS AND DISCUSSION  

 

This section offers a captivating exploration into the 

mechanical bending behavior of steel plates enriched with an 

array of tungsten nanoplatelets. As indicated by Chen et al. 

[55], the Young's modulus for steel falls within the range of 

EA=[200-210] GPa, while the modulus for tungsten 

nanoparticles is ET=[400-450] GPa. For our analysis, we've 

chosen a stainless-steel matrix featuring a Young's modulus of 

EA=200 GPa, reinforced with tungsten nanoparticles 

possessing a Young's modulus of ET=400 GPa. The respective 

Poisson ratios are νA=0.33 for steel and νT=0.28 for the 

reinforcement. 

 

�̅� =
102𝐸𝐴ℎ

3

𝑞0𝑎
4

𝑤 (
𝑎

2
,
𝑏

2
, 𝑧).  

𝑈 =
102𝐸𝐴ℎ

3

𝑞0𝑎
4

𝑢 (0,
𝑏

2
, 𝑧). 

𝜎𝑥(𝑧) =
ℎ

𝑞0𝑎
𝜎𝑥
0 (
𝑎

2
,
𝑏

2
, 𝑧). 

𝜏𝑥𝑦(𝑧) =
ℎ

𝑞0𝑎
𝜏𝑥𝑦
0 (0,0, 𝑧). 

𝜏𝑥𝑧(𝑧) =
ℎ

𝑞0𝑎
𝜏𝑥𝑧
0 (0,

𝑏

2
, 𝑧). 

(24) 

 

Within this section, we harness the refined plate 

deformation theory to intricately calculate transverse 

displacements (�̅�), axial displacement (𝑈), and normal and 

shear stresses (σx, σy, τxz, τyz, τxy). These comprehensive 

analyses yield a collection of dimensionless Eq.(24), which 

serve to not only facilitate the interpretation of results but also 

enable their visualization through numerical and graphical 

representations. By employing these equations, we delve into 

a profound exploration of the hydrostatic behavior exhibited 

by the plates, thereby enriching our comprehension of their 

mechanical response. 

 

4.1 Steel-tungsten nano-composite elastic properties 

 

To initiate, it is highly advantageous to visually depict the 

consequences resulting from the integration of varying 

proportions of tungsten nanoparticles using Mori-Tanaka's 
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approach, in relation to the elastic properties of the steel nano-

composite plate. This illustrative representation is 

conveniently presented in Table 1, which systematically 

outlines the effects of different entities, ranging from 5% to 30% 

of the total volume percentage of the steel matrix.  
 

Table 1. The effective mechanical properties of the mixture 

 
VT (Vt%) 5% 10% 20% 30% 

Ehom (GPa) 210.11 220.20 240.33 260.40 
νℎ𝑜𝑚 0.328 0.325 0.320 0.315 

Ghom (GPa) 77.22 83.25 91.32 99.40 
Khom (GPa) 201.43 206.79 217.50 228.20 

 

Table 1 clearly demonstrates that the incorporation of 

tungsten nanoparticle reinforcement exerts a strengthening 

influence on the steel matrix. It is evident that the constants 

(Ehom, Ghom, Khom) characterizing the elastic properties of the 

impregnated steel rises proportionally with the concentration 

of the reinforcement (VT). Interestingly, as the percentage of 

tungsten particles increases, so do the elastic properties of the 

composite, reaching an optimal peak at the 30% concentration. 

At this concentration, the elastic modulus (Ehom) of the 

stainless-steel matrix can be enhanced by 30%, while the shear 

(Ghom) and bulk (Khom) modulus of the stainless steel can 

increase by 28%. This enhancement can be attributed to the 

exceptional elastic properties inherent to tungsten 

nanoparticles. 

To establish the credibility of our material characterization 

involving stainless steel enriched with tungsten nanoparticles, 

it's crucial to conduct a comprehensive comparative study of 

the nanocomposite's estimated elastic properties. 

This comparative analysis serves two main purposes: 

validating the analytical homogenization model, particularly 

the Mori-Tanaka model, and confirming the calculated 

equivalent elastic properties of the nanocomposite. Our study 

includes a comparison of the estimated elastic moduli (Etot) for 

a steel matrix reinforced with nano-sized tungsten particles 

using both the Mori-Tanaka and Eshelby homogenization 

models [56]. Furthermore, we integrate the Hashin and 

Shtrikman [57] (HS) model into our comparative study to 

provide a full range of values and define limiting parameters. 
 

 
 

Figure 7. Comparative analysis of elastic moduli (Etot) of a 

steel matrix infused with tungsten naoparticles utilizing 

analytical homogenization models 
 

Figure 7 illustrates the collective elastic moduli of a steel 

plate infused with tungsten nanoparticles using three distinct 

homogenization models. It is evident from Figure 7 that there 

is a consistent increase in elastic constants (Etot) with the 

incorporation of tungsten nanoparticles, regardless of the 

homogenization model used in the analysis. This observed 

enhancement in elastic properties can be directly attributed to 

the high elastic properties of tungsten particles. However, 

subtle variations in the estimated elastic constants are 

noticeable, likely stemming from the different assumptions 

inherent to each model. Specifically, Mori-Tanaka's model, 

which assumes a perfectly spherical shape for the 

nanoparticles, may account for some of these variations. 
 

 
 

Figure 8. Comparative analysis of reinforcement effects on 

steel matrix: tungsten, silicon oxide, and titanium oxide 

infusions utilizing Mori-Tanaka's approach 
 

To contrast the impact of incorporating tungsten 

reinforcement particles within a steel matrix, a comparative 

analysis is presented in Figure 8 alongside other 

reinforcements, namely silicon oxide and titanium oxide, 

which are similarly infused into a steel matrix. The Mori-

Tanaka's approach is employed for this comparative study. 

The advantageous effect of tungsten reinforcement becomes 

evident when comparing it to other reinforcements, as Figure 

8 illustrates. The discernible prominence of tungsten particles 

in enhancing elastic constants of the composite stands out, 

showing a more pronounced impact compared to the other 

substances, namely, silicon dioxide and titanium dioxide. 

 

4.2 Hydrostatic bending analysis of the structure 

 

In wastewater treatment plants (WWTP) structures, the 

accumulated used water within the structure imposes a 

hydrostatic bending load on its walls. Consequently, the 

ensuing section entails an analysis aimed at investigating the 

impact of linearly distributed loads (see Figure 6). These loads 

are null at the water surface and reach their maximum 

magnitude at the base of the structure. For the purposes of this 

analysis, the walls of the structure are considered as plates. 
 

 
 

Figure 9. Impact of thickness-to-length ratio on tungsten 

reinforced steel plate under hydrostatic loading (a=b) 
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Figure 9 illustrates the effect of thickness-to-length ratio on 

a steel plate, reinforced with varying proportions of tungsten 

nanoparticles and subjected to hydrostatic loading. Notably, 

the observation reveals that the maximum transverse 

displacement occurs in a non-reinforced steel plate. In contrast, 

the minimum transverse displacement is consistently observed 

at a 30% volume fraction of reinforcement, irrespective of the 

length-to-thickness ratios. However, regardless of the 

thickness-to-length ratio (a/b), tungsten nano-sized particles 

consistently exhibit the same level of reinforcement effect. 

 

 
 

Figure 10. Influence of length-to-width ratio on tungsten 

reinforced steel plate under linearly distributed hydrostatic 

load (a/h = 10) 

 

Figure 10 presents the impact of length-to-width ratio on a 

steel plate, reinforced with varying proportions of tungsten 

particles, and exposed to linearly distributed hydrostatic load. 

Notably, the discernible effect of tungsten particles, 

contributing to reinforcement, becomes more pronounced at 

reduced geometric ratios. As previously mentioned, regardless 

of the aspect ratio, tungsten maintains its strengthening effect, 

consistently enhancing the flexural strength of the plate. 

 

 
 

Figure 11. Hydrostatic bending load effect on axial 

displacement of tungsten reinforced steel plate (a=b, a/h=10) 

 

Depicts the influence of hydrostatic bending load on the 

axial displacement of a steel plate, strengthened with diverse 

proportions of tungsten nanoparticles. Outcomes in Figure 11 

affirm that tungsten reinforcement not only diminishes 

transverse displacement but also reduces axial displacement in 

the plate. Specifically, the lower axial displacement is notably 

evident when the volume of tungsten within the steel matrix 

reaches 30% , resulting in a decrease in axial displacement of 

approximately 26%. 

 

Table 2. Normal stresses (σx, σy) of an advanced composite 

plate under hydrostatic load 

 

Plate 

Stress 

VT 

(%) 

Length-to Thickness Ratio (a/h) 

a/h=4 a/h=10 a/h=20 a/h=100 

Normal 

stress 

(σx, σy) 

0 -0,527 -1,297 -2,588 -12,930 

10 -0,521 -1,281 -2,557 -12,774 

20 -0,514 -1,266 -2,526 -12,621 

30 -0,508 -1,251 -2,496 -12,472 

 

Table 3. Dimensionless transverse shear stresses 𝜏𝑥𝑧 , 𝜏𝑦𝑧 , 𝜏𝑥𝑦  

of different steel plates subjected to hydrostatic load, 

considering different proportions of tungsten inclusions 

 

Plate Stress 
VT 

(%) 

Length-to Thickness Ratio (a/h) 

a/h=4 a/h=10 a/h=20 a/h=100 

Shear stress 

(𝝉𝒙𝒚) 

0 -0,494 -1,161 -2,297 -11,441 

10 -0,502 -1,181 -2,338 -11,643 

20 -0,510 -1,201 -2,377 -11,840 

30 -0,517 -1,220 -2,415 -12,032 

Transverse 

shear stress 

(𝝉𝒙𝒛, 𝝉𝒚𝒛) 

0 0,8950 0,9063 0,9097 0,9114 

10 0,8952 0,9064 0,9097 0,9114 

20 0,8954 0,9065 0,9098 0,9114 

30 0,8955 0,9065 0,9098 0,9114 

 

At last, Tables 2 and 3 comprehensively outlines the impact 

of distinct tungsten reinforcement proportions within the steel 

matrix, coupled with varying geometric aspect ratios (a/h), on 

the normal and shear stresses experienced by the WWPT steel 

plate. Similar to observations noted earlier for a plate 

subjected to static behavior, when applying a hydrostatic, an 

increase in the volume proportions of reinforcement leads to 

elevated normal stresses, while the shear and transverse shear 

stresses decrease proportionally with the reinforcement 

volume. 

The evident reduction in shear stresses can be attributed to 

the enhanced elastic properties, achieved within the steel 

composite matrix through the integration of tungsten nano-

reinforcements. This concurrent decrease in shear and 

transverse shear stresses across the plate thickness underscores 

the pivotal role played by tungsten nanoparticles in 

redistributing stresses within the WWPT steel plate 

component regardless of the external loading type. 

 

 

5. CONCLUSIONS 

 

Water is an invaluable resource, vital for human 

consumption and crucial in sustaining agricultural irrigation. 

As the need for efficient water management intensifies, 

Wastewater Treatment Plants (WWTPs) emerge as pivotal 

solutions, effectively recycling used water. However, 

safeguarding the integrity of these WWTP structures becomes 

paramount. Not only must they withstand chemical attacks to 

ensure water quality, but their mechanical resilience also 

demands attention. By fortifying WWTPs against both 

chemical and mechanical threats, we secure a sustainable 

future for water resources, fostering a resilient environment for 

generations to thrive.  
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Hence, our study casts a spotlight on the profound 

ramifications of introducing tungsten nanoparticles into the 

mechanical framework of WWPT steel components. In our 

comprehensive exploration, we meticulously examined an 

array of critical parameters. These encompassed the 

manipulation of tungsten reinforcement volume proportions 

within the steel matrix – a fundamental element of the 

monolithic structure. Our investigation also entailed a 

meticulous analysis of geometric ratios inherent in the plate 

configuration. Furthermore, we methodically evaluated the 

responses of these components under diverse bending 

conditions, encompassing the hydrostatic loads. 

Our research has yielded a compelling array of insights, 

each serving to underscore the pivotal significance of our 

findings: 

(1) Introducing nano-sized tungsten into a stainless-steel 

matrix leads to notable enhancements in elastic characteristics 

of the composite, encompassing Young's modulus, bulk 

modulus, and shear modulus. The extent of improvement is 

intricately linked to the volume concentration of these 

additives. 

(2) The incorporation of an optimal volume of tungsten, 

precisely evaluated at 30%, into a steel matrix yields 

remarkable improvement. This improvement elevates the 

elastic constants ‘Etot’ of the composite by an impressive 31%, 

in stark comparison to a steel matrix infused with 30% 

titanium dioxide, which registers an improvement of up to 

13%. 

(3) Wastewater treatment plant structures fortified with 

nano-tungsten particles manifest an exceptional capacity to 

optimize their response against external mechanical loads. 

This reinforcement markedly enhances their flexural strength 

and overall performance. 

(4) Under hydrostatic external bending loads, steel plates 

reinforced with tungsten nanoplatelets exhibit a striking 

reduction in transverse displacement. This reduction 

accentuates the effectiveness of nano-reinforcements in 

curtailing structural deformations across diverse external 

mechanical loading scenarios. 

(5) By introducing 30% of tungsten particles into the 

steel matrix, transverse displacement experiences a 

noteworthy decrease of 26%, while axial displacement 

diminishes by 25%. 

(6) Beyond their corrosion-resistant properties, tungsten 

particles exhibit an additional layer of mechanical advantages, 

further enhancing their pivotal role in structural optimization. 

Whilst this paper focuses on the analytical analysis of the 

hydrostatic bending of the panels of a wastewater treatment 

plant made of a new advanced composite tungsten steel 

material, it offers significant theoretical contributions that will 

advance the field of nanotechnology in general and 

nanomaterials in particular, as well as structural engineering, 

nevertheless the authors acknowledge the limitations of plate 

theories, particularly regarding the linear elasticity assumption. 

Plate theories typically rely on the assumption of linear 

elasticity, which implies that materials behave linearly under 

loading conditions. As we strive to extend our research further, 

we recognize the importance of addressing non-linear 

deformation assumptions. Future investigations will aim to 

overcome these limitations by incorporating non-linear 

deformation models to provide more accurate predictions of 

plate behavior under various loading conditions. 
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NOMENCLATURE 

 

E the elasticity modulus  

G the shear modulus 

K the bulks modulus 

V the volume 

N the normal force in a structural element 

Mb the bending moment about y-axis 

Ms the shear force acting along the z-axis 

Q the torsional moment 

a the plate’s length 
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b the plate’s width 

h the plate’s overall thickness 

𝑈 the axial displacement 

q the transverse bending load 

Greek symbols 

ν the Poisson's ratio  

�̅� the transverse displacements 

𝜎 the normal stress 

𝜏 the shear stress 

Subscripts 

A steel 

T tungsten inclusions 

tot the total value  

b bending 

s shear 
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