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As research on parallel mechanisms with limited degrees of freedom (DOF) continues to
grow, this paper introduces a novel 2UPU-2SPU parallel mechanism that features 2
Rotational and 2 Translational (2R2T) motion capabilities. The SPU branches are
symmetrically positioned relative to the plane of the 2UPU branches, endowing the
mechanism with a full-circle DOF that encompasses two rotations and two translations.
One of the rotational DOF influences the characteristics of a constrained rotational
freedom. This study conducts a kinematic analysis using screw theory to elucidate the
DOF and derives the inverse kinematics of the mechanism. Furthermore, by employing
motion/force transmission performance indicators and performance maps, the mechanical
performance characteristics are analyzed. A mathematical model for optimizing
mechanical performance using the Particle Swarm Optimization (PSO) algorithm is
established, facilitating the design of specific mechanical devices. The mechanism boasts
a large workspace, with the operational space varying as the moving platform rotates,
making it suitable for applications requiring minimal rotational and lateral movements but
significant longitudinal displacement.

1. INTRODUCTION

The existence of parallel mechanisms has a long history, but
it is fair to say that research on the kinematics of parallel
mechanisms only gradually began in the 1960s. In 1962,
Gough and Whitehall [1] invented a 6-DOF tire testing device
using a system of jacks connected by joints; Stewart [2] first
conducted a kinematic study of this mechanism in 1965, and
also built a simulated flight environment for aircraft flight
training based on this mechanism model, making it the most
widely used parallel mechanism to date.

Compared to 6-DOF parallel mechanisms, parallel
mechanisms with fewer DOF cannot perform some complex
motions, but they have advantages such as simple structure,
low cost, fewer drive components, easy control, and large
workspace. Rolland [3] proposed two types of 4-DOF parallel
mechanisms for material handling: Manta & Kanuk. Tsai and
Joshi [4] analyzed and studied the 3-UPU parallel mechanism
through research on the structural characteristics of parallel
manipulators. Chen et al. [5] proposed a 4-DOF parallel
platform manipulator with 2 Rotational Prismatic Spherical
(PRS) and 2 Prismatic Spherical Spherical (PSS) support
chains, and conducted a kinematic analysis of this 2T2R
parallel mechanism. Li and Huang [6] used the method of
constraint synthesis for a systematic type synthesis of 4-DOF
parallel robots, and proposed a 2R2T parallel mechanism with
2 symmetrical support chains. Yoon and Ryu [7] proposed two
types of 4-DOF spatial parallel mechanisms with two
platforms: 1T3R and 2T2R. These are relatively early studies
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on parallel mechanisms with fewer DOF.

As parallel mechanisms are widely applied in various fields,
scholars have paid more attention to parallel mechanisms with
fewer DOF. Research on parallel mechanisms such as 3R, 3T,
2RIT, 3T2R, 2TIR, and 2R2T has increased.

Xie et al. [8] considered force transmission and analyzed the
kinematic optimization design of 2-DOF parallel mechanisms
using a 4R parallel mechanism as an example; combining
configuration evolution with Lie group theory, Fan et al. [9]
proposed a type synthesis method applied to 2T2R, 1T2R, and
2R parallel mechanisms. Ye et al. [10] used the motion
equivalent chain method to obtain a type synthesis of a class
of 2R2T parallel mechanisms, and Araujo-Gomez et al. [11]
designed a 3UPS-1RPU parallel manipulator with 2R2T DOF.
Nurahmi et al. [12] studied the constraint-based design,
optimization design, and reconstruction strategy of the 3-RPS
parallel robotic arm. Chai et al. [13] proposed system
dynamics modeling and analysis of a 2PRU-UPR parallel
robot based on the screw theory.

By 2022, research on parallel mechanisms with fewer DOF
has increased significantly. Zhang et al. [14] proposed a 3-
DOF parallel mechanism based on an antenna support
structure. Yan et al. [15] introduced a novel 5-DOF
redundantly actuated 4PUS-PPPU parallel mechanism with a
large tilting ability, including its design, analysis, and control.
Song et al. [16] performed dynamic modeling and generalized
force analysis of the 3-RPS parallel mechanism based on five-
dimensional geometric algebra space, and Zhou et al. [17]
proposed a new 5-DOF weakly coupled compliant parallel
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mechanism. Ye et al. [18] proposed a type synthesis of a 4-
DOF non-overconstrained parallel mechanism with a
symmetrical structure. Qin et al. [19] analyzed the workspace
of the 3-RPS parallel mechanism based on the significant
characteristics of the rotational branching mechanism. Song et
al. [20] analyzed symmetric 3-UPU parallel mechanisms and
their variant mechanisms under different geometric and
assembly conditions. Shi et al. ;21] proposed a novel bionic 5-
DOF parallel actuation mechanism by establishing a mapping
relationship between local musculoskeletal systems of
organisms and mechanism configurations, and Pan et al. [22]
proposed and studied a new 3R parallel compliant mechanism.

In the aforementioned research on parallel mechanisms with
fewer DOF, due to the variety of 2R2T parallel mechanisms,
the literature related to the kinematic analysis and research of
2R2T parallel mechanisms is relatively limited. Analyzing and
studying new types of 2R2T parallel mechanisms has
significant practical engineering application implications.
Therefore, this paper proposes a 2UPU-2SPU parallel
mechanism, conducts a solution for the inverse kinematics of
this mechanism, and analyzes the workspace. The analysis
results show that this mechanism has great potential in fields
like machine tools, agriculture, acrospace, and medical, where
there is not a high demand for motion dimensions but a high
requirement for mechanical performance.

2. DOF ANALYSIS
2.1 DOF analysis under initial assembly configuration

As shown in Figure 1, the 2UPU-2SPU parallel mechanism
consists of two rectangular platforms, two UPU branches, and
two SPU branches. The UPU branch includes two universal
joints (U-joints) and one prismatic joint (P-joint) between
them. The SPU branch consists of a spherical joint (S-joint), a
P-joint, and a U-joint. A U-joint is composed of two rotational
joints that intersect perpendicularly, while an S-joint is made
up of three rotational joints intersecting perpendicularly.

Figure 1. Initial assembly configuration of the 2UPU-2SPU
mechanism

First, the UPU branch is analyzed, and a branch coordinate
system is established as shown in Figure 2. The origin is at the
intersection of the rotating axis of the U-joint connected to the
fixed platform. The direction of X axis is perpendicular to the
axis line of the first rotational joint in the U-joint, the direction
of Y axis follows the direction of the first rotational joint's
axis line, and the direction of Z; axis is perpendicular to the
fixed platform plane.
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Figure 2. The UPU branch coordinate system

Through analysis, the motion screws of the joints on the
branch are obtained as:

$=(1 0 0; 0 0 0)
$

,=(0 m, n; 0 0 0)

$,=(0 0 0; 0 b, c) ©)
$,=(0 m, n; a 0 0)

$,=(1 0 0 0 b c)

By calculating the reciprocal screws of this screw system,

we get:
$$=100 0 b c) ()

The reciprocal screw of this branch is parallel to the X-axis
and passes through the intersection of the two rotating axes of
the U-joints fixed to the moving platform. Since the two UPU
branches are fixed in the same manner, they generate parallel,
co-directional constraint forces on the moving platform.

Next, the SPU branch is analyzed, and a branch coordinate
system is established as shown in Figure 3, with the origin at
the intersection of the rotating axis of the U-joint connected to
the fixed platform.

Figure 3. The SPU branch coordinate system

Through analysis, the motion screws of the joints on the
branch are obtained as:

$,=(1 0 0; 0 0 0)
$,=(0 m, n; 0 0 0)
$,=(0 my n; 0 0 0)

)

00 0b c)
$=(0 m, n; a 0 0)
$=(1 0 0, 0 b c)



The reciprocal screws of this screw system are found to be:

$ =0 00 0 0 0) (4)

The constraint screw of this branch is zero, indicating an
unconstrained branch, used only for realizing the motion drive
of the mechanism.

From the analysis above, it is evident that the moving
platform of the 2UPU-2SPU parallel mechanism has two
constraint screws along the X-axis that are co-directional and
parallel, as shown in Figure 4.

Figure 4. Constraint screws on the moving platform

These two constraints can be equivalently considered as a
constraint force along the X-axis and a constraint couple
around the Z-axis on the plane, limiting the moving platform's
DOF for movement along the X-axis and rotation around the
Z-axis. The mechanism retains the DOF for movement along
the Y-axis, Z-axis, and rotation around the X-axis and the Y-
axis.

The analysis above describes the DOF under the
mechanism's initial configuration. Below, we demonstrate that
the DOF of two rotations and two translations are full-circle
DOF, meaning that the nature of the DOF does not change
with the movement of the mechanism.

2.2 Full-circle DOF analysis for parallel mechanisms

Under the initial configuration, the 2UPU-2SPU
mechanism cannot move along the X-axis. However, when the
moving platform moves within the YOZ plane, the direction
and relative position of the constraints from the two UPU
branches do not change, remaining parallel and along the X-
axis, as shown in Figure 5. Therefore, when the moving
platform undergoes movement, the DOF does not change, still
preventing movement along the X-axis and rotation around the
Z-axis.

TR 5

Figure 5. Constraint screws after movement
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When the P-joint of the SPU branch undergoes unequal
displacements, the moving platform rotates around the Y -axis.
Using screw theory to analyze the constraints of the two
branches under this configuration, the distribution of
constraint forces is shown in Figure 6, where the nature of the
DOF remains consistent with that during movement of the
moving platform only.

&~
(4

Figure 6. Rotation around the Y-axis

When the P-joint of the UPU branch undergoes unequal
displacements, the moving platform rotates around the X-axis.
Using screw theory to analyze the constraints of the two
branches under this configuration, the attained distribution of
constraint forces is shown in Figure 7. The direction of the two
constraints remains parallel to the X-axis, but their relative
position changes from being parallel to the fixed platform
plane to being parallel to the moving platform plane,
restricting movement along the X-axis and rotation around the
normal to the moving platform.

—3 $§

- \ $1r

Figure 7. Rotation around the X-axis

In summary, after the moving platform of the mechanism
undergoes finite motion, its constraint properties do not
change, and the nature of its DOF remains unchanged.
Therefore, the mechanism possesses two rotations and two
translations as full-circle DOF.

3. INVERSE KINEMATICS

To obtain the coordinates of the motion pair connected to
the motion platform in the fixed coordinate system, use a
transformation matrix to convert the coordinates from the
moving coordinate system to the fixed coordinate system.
Assuming the rotation angles around the X, Y and Z axes are
a, [ and y. respectively, the transformation matrix is:



AR=R, RR, =
1 0 0 ({cg 0 sg|lcy —sy O 5)
0 co —-sa|l 0O 1 O|jsy cy O
0 sa ca||-sp 0 cpg||0 0 1

where, ¢ represents cos, s represents sin. Due to the restriction
of rotation around the Z-axis in the 2UPU-2SPU parallel
mechanism (lack of freedom to rotate around the Z-axis), so
y = 0.

To perform inverse kinematic analysis based on the 2UPU-
2SPU parallel mechanism with 2R2T DOF, let's assume the
moving platform’s rotation angle a®around the X-axis, the
rotation angle ° around the Y-axis, and its center coordinates
in the base coordinate system, are known. By calculating the
coordinates of the U-joint on the moving platform in the base
coordinate system, we can determine the distance between the
two ends of each branch. Let M; represent the center of the U-
joint or S-joint on the fixed platform, N; represent the center
of the U-joint on the moving platform, O represent the center
of the fixed platform, and O, represent the center of the
moving platform. The length of the branch can be represented
as |M;N;|:

M;N, =—OM, +00, + O N, (6)

Given M;0 and 00, we only need to calculate the vector
representation of O; N; in the base coordinate system. Using
the rotation matrix formula for rotation about a fixed axis, we
get:

cp O sp
oR=RR,=| 0 ca -sa-cp (7)
0 sa ca-cp
Finally, we can get ON;:
.
ON, = JRN,+00, =[xV, Z] (8)

Let OM; be [X; Y; Z;]7, then the length |M;N;| of the P-
joint is:

2 2 2

L=y =% +(% %) +(2-2) ©)

In summary, the inverse kinematics solution for the 2UPU-
2SPU parallel mechanism is completed.

4. MECHANICAL PERFORMANCE EVALUATION

Compared with serial mechanisms, parallel mechanisms
excel in force transmission. Evaluating the mechanical
performance of a mechanism is a crucial step in using parallel
mechanisms for the design of specific devices. Additionally,
conducting a mechanical evaluation can also help to avoid the
mechanism's singular points. In research on mechanical
performance evaluation, some commonly used performance
indices by scholars are the motion/force transmission
performance indicators.
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The motion/force transmission performance indices for
parallel mechanisms include the input transmission
performance index and the output transmission performance
index, which assess the efficiency of motion/force
transmission within the branches and between the branches
and the moving platform, respectively. These indices can be
calculated using screw theory. The input transmission index
A;; for branch i of a parallel mechanism is given by:

1 = |$n O$|i|

", 5, (10)

where $,; is the unit input motion screw for branch i, i.e., the
motion screw of the actuated movement in the branch; $; is
the driving force screw for branch i, which has a reciprocal
product of zero with other non-driven motion screws within
the branch.

Analyzing the UPU and SPU branches of the device, and
choosing the P-joint as the actuator, its input motion screw $;;
can be represented as:

$,=(0;v)=(0 0 0: 0 p, @) (11)

The reciprocal product of the driving force screw $5; with
the motion screws of the U or S joints is zero, meaning $; is
parallel or intersects with these motion screws, thus having the
same direction as the P-joint. Ultimately, by calculating Eq.
(9), A;; is always 1.

Next, we analyze the device's output transmission
performance index. The output transmission performance
index Ay; for branch i is represented as:

. |$n O$Oi |

= 12
* |$Ti°$0i|max (12

where $,; represents the unit output motion screw of the
moving platform, which is the instantaneous motion screw of
the moving platform when only driven by this branch i, with
all other branches locked. In this case, $,; does not perform
work with the force constraining the moving platform $,,;
and the driving force of other branches $r;, so it is calculated
as:

0%, =0 (j=1234 j=#i
{$Tj $O| (J J;tl) (13)

S 2% =0 (j=13 i=1234)

By calculation, the range of 4p; is [0, 1]. Since the input
transmission performance index is always 1 and cannot
evaluate the performance of the mechanism, the output
transmission performance index is used as the evaluation
index. Ultimately, the motion/force transmission performance
indicator for the mechanism is defined as the minimum of the
output transmission performance indices of the four branches:

Ao =MiN (o1, Aoz, Aoss Aos ) (14)

Setting the motion pairs of the fixed branches along the X-
axis and Y-axis and symmetric about the origin, the
motion/force transmission performance map of the mechanism
is illustrated as shown in Figure 8. Since the 2UPU-2SPU



mechanism has four DOF, for ease of representation, given
values of @ and £ are used to draw the performance map.

V4

N, (-150.0,0) YN3 (0,150,0)

(a) Schematic diagram of joint arrangement
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Figure 8. Transmission performance map

The analysis of the images leads to the following
observations:

(1) Under this installation configuration, the mechanical
performance of the mechanism in various poses is not high;

(2) The mechanical performance decreases as the height of
the moving platform increases;

(3) When the moving platform undergoes deflection, there
is a slight improvement in the mechanical performance of the
mechanism.

Further analysis is conducted on the reason for phenomenon
(1). The new constraint motion generated by locking other
drives overlaps with its corresponding M;N; , primarily
restricting the movement of the moving platform along the
normal to the fixed platform. Since the angle between the
driving force direction and the normal direction is small, most
of the driving power is lost, resulting in poor mechanical
performance of the mechanism in this pose. To improve the
output transmission performance of the mechanism, the
distance between M; and N; within the X-Y plane should be
increased.
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5. MECHANICAL PERFORMANCE OPTIMIZATION

Given that the output force transmission index calculates the
power coefficient between the driving force and the
instantaneous movement of the moving platform, and the
instantaneous movement of the moving platform can only be
determined through calculation, an evaluation function is set
to assess the output transmission performance of the
mechanism in various poses, and PSO is utilized for
optimization.

The formula for the flight velocity of each particle in a
particle swarm is given by:

v/ =V, +¢, xrand() x (pbest, —x) 15)
+¢, xrand () x (gbest; —x;)

where, v; is the velocity of the i -th particle, to introduce
randomness into the velocity calculation, use rand()
generated uniformly between (0,1), x; represents the current
position of the particle, ¢; and c, represent the cognitive and
social learning factors, respectively, pbest; represents the
best position found by the particle during its flight process, and
gbest; represents the best position found by any particle
during the flight process of all particles.

The fitness calculation formula for the i -th particle can be

expressed as:
j [[ zdydzde

" [[[aydzder (16)
Then the evaluation function is defined as:
8
jjjﬂodydzda 1- Z(|Xllmlt 12— XJ|/8XI|m|t) (17

f 2[[[ dydzd e i 6

where, y and z are the displacements of the moving platform
along the Y and Z axes, respectively; o is the rotation angle
around the X axis; Ay is the minimum output transmission
performance index of the mechanism in this pose; Xl{mlt
represents the extreme values for the optimization object, and
X’ represents the current values of the optimization
parameters. The second term of this polynomial function is
used to assess the extent to which the installation positions of
the joints are distant from the extreme positions, aiming to
reduce the difficulty in the design of specific devices.

Table 1. Optimization parameters

Joint Parameter Representation

M [0 —Y; 0]
M, [X, Y, 0]
M3 [0Y;0]

My [-X, Y, 0]
Ni [0 —y, 0]
N> [x2 ¥, 0]
N3 [0y5 0]

N4 [—2x4 ¥4 0]

From the analysis in Chapter 3, it is known that the
coordinates of M; and N; should be solved as parameters for
the PSO. Here, M, and M, are symmetrical about the YOZ



plane, with the same Y-axis coordinates and opposite X-axis
coordinates. Similarly, N> and N4 are symmetrical about the
Y10:Z; plane, with their Y-axis and X-axis coordinates
following the same symmetry as M, and Mj. Ultimately,
optimization is performed on eight parameters of the motion
joints, with specific position parameters as shown in Table 1.

Randomly generate multiple sets of
mechanism parameters

I

Evaluate the initial fitness of

individual mechanisms

Fitness change is repeatedly
below the threshold

Analyzing the principles of the PSO, an optimization program
for the 2UPU-2SPU parallel mechanism was developed, and a
flow chart of its running process is given in Figure 9, with the
program stopping when the fitness variation is less than 104
more than 20 times.

'

Update the optimal parameters of the individual mechanism
Update the optimal parameters of the group mechanism

:

Update inertia weight and learning factors

7

Update the next moment individual mechanism parameters

Calculate individual velocity

Calculate and evaluate individual fitness

Figure 9. Flowchart of the PSO

The number of individuals is set to 30, with 100 iterations,
and the restrictions on the P-joint's displacement length L, the
rotation angle range Theta for axes not parallel to the P-joint,
and the range of the joint installation coordinate parameters X;,
Y;, x;, y; are:

750mm < L <1100mm
[Theta| < 60°

Omm < X;,Y; <300mm
Omm < X, y; <200mm

(18)

The relationship between the final convergence curve
fitness and the number of iterations is shown in Figure 10.
Analyzing the fitness value, the number of times the
optimization fell into local optima was 5, achieving
satisfactory optimization results.

0 10 20 30 40 50 60 70 80 90
Number of iterations

Figure 10. Optimization convergence curve

Analyzing the parameters of the optimized individuals,
rounding the results, and fine-tuning to determine the
installation positions of the joints, as shown in Table 2.

The installation of the joints and the overall structure after
optimization is shown in Figure 11.
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Table 2. Final joint installation positions

Joint Coordinates (mm)
M [0, -250, 0]
M [265, 225, 0]
M; [0, 150, 0]
yn [-265, 225, 0]
Ni [0, -150, 0]
N2 [175,30,0]
N3 [0, 250, 0]
Na [-175, 30, 0]

Figure 11. Joint arrangement after optimization
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Figure 12. Comparison before and after optimization

Before optimization, the fitness of the installation points
shown in Figure 8(a) was 0.2316. After optimization, the
fitness improved to 0.598. Comparing the performance maps
as shown in Figure 12, there was a significant increase in the
minimum motion/force transmission performance after
optimization.

The images and calculation results reveal the following
points:

(1) The output transmission performance of the mechanism
has significantly improved after optimization;

(2) At the same Z-axis height, the output transmission
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performance decreases with an increase in displacement along
the Y-axis;

(3) At the same Y-axis position, the output transmission
performance decreases as the height on the Z-axis increases.

These results indicate that the mechanism is more suitable
for operating within the second quadrant of the Y-Z coordinate
system and that the working height needs to be carefully
considered.

6. WORKSPACE ANALYSIS

The 2UPU-2SPU parallel mechanism, having four DOF,
requires a restriction on the rotation angle £ around the Y-axis
for a simplified description of the workspace in the three-
dimensional Cartesian coordinate system. The X-axis
describes the rotation angle a of the moving platform around
the X-axis, while the Y and Z axes describe the displacements
of the moving platform along the Y and Z axes, respectively.

To facilitate the search for extreme positions, polar
coordinates are used to assign values to y and z, y =
¢ cos( ),z = ¢ sin( @), with the range of ¢ being 0 to 30
and the range of ¢ being 0 to 360°, the angle between each
branch and the normal to the fixed and moving platforms is
restricted to 0 to 45°. Using Matlab programming, the
workspace with the rotation angle set to 0° and 10° is shown
in Figure 13.

1100 |
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800 [

Z-axis displacement(mm)
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(b) p=0° Y-Z view
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Figure 13. Workspace

The images reveal the following observations:

(1) The effect of rotating the moving platform around the
Y-axis within the range of 0 to 10° on the workspace is
minimal;

(2) As the rotation of the moving platform around the X-
axis increases, the workspace gradually shifts from the third
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quadrant of the X-Y plane to the first quadrant, transitioning
from an inability to move in the positive range of the Y-axis to
an inability to move in the negative range of the Y-axis.

The reason for the phenomenon (2) is further analyzed. At
extreme angles, the two UPU branches reach their maximum
and minimum limits, requiring shorter P-joint and longer



length of the movement in one direction along the Y-axis. In
contrast, movement in the opposite direction allows for
increased and decreased displacement of the P-joint while
maintaining the angle, leading to the occurrence of
phenomenon (2).

7. CONCLUSIONS

(1) This paper introduces and analyzes the 2UPU-2SPU
parallel mechanism. The two SPU branches are symmetrically

installed relative to the plane containing the two UPU branches.

The moving platform is subjected to parallel and co-
directional constraint forces from the UPU branches, limiting
one rotational and one translational DOF of the moving
platform. The restricted direction of X-axis movement does
not change, but the axis of the restricted rotational DOF
changes with different modes of rotation of the moving

platform.
(2) The kinematic inverse solution of the mechanism has
been analyzed, vyielding analytical expressions; the

motion/force transmission performance indices were used to
analyze the mechanical performance of the mechanism, with
the output transmission performance index selected as the
evaluation indicator. A PSO algorithm was designed for
optimizing and evaluating the mechanical performance,
utilizing performance maps to analyze changes in mechanical
performance characteristics, identifying optimal working
conditions.

(3) The workspace of the mechanism was analyzed,
showing a large workspace when the rotation range of the
moving platform is small, meeting general application
requirements. However, as the rotation increases, the
movement range in the positive or negative domain of the Y-
axis decreases, while it increases in the opposite domain,
indicating that the mechanism is suitable for applications
requiring minimal rotation, minimal lateral displacement, and
significant longitudinal displacement.
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