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This study embarks on an exploration of the thermal deflection characteristics of finite
hollow cylinders, employing the space-time fractional heat conduction equation within a
quasi-static framework. Heat application is executed on the upper surface of the cylinder,
whilst maintaining a zero-temperature condition on the remaining boundaries.
Temperature distribution across the cylinder is determined using the integral transform
technique, a method ensuring precision in the computation of thermal responses. The
discourse on thermal deflection is grounded in the principles of fractional diffusion wave
theory, a contemporary approach providing deeper insights into heat conduction dynamics.
Numerical analyses are presented, illustrating transient and long-range interaction
responses of the hollow cylinder under various diffusion scenarios, namely sub-diffusion,

normal diffusion, and super-diffusion.

1. INTRODUCTION

Fractional calculus has recently garnered significant
attention in various engineering disciplines, including
applications in proportional-integral-derivative controllers,
fluid mechanics, bio-mathematics, viscoelasticity,
electrochemistry, and signal processing. This surge in interest
has catalyzed research in non-integer calculus. The concept of
fractional-order calculus, while intriguing, presents substantial
challenges in understanding its physical interpretations.
Podlubny [1] has contributed to this field with a discussion on
the geometric and physical exposition of fractional integration.
A notable advantage of fractional differential equations is their
nonlocal property, which offers a broader scope of application
compared to traditional methods.

Riemann-Liouville's introduction of fractional derivatives
has been instrumental in the evolution of fractional calculus.
This concept has been extensively applied in mathematical
formulations, offering unique and advantageous approaches.
The field of fractional calculus has witnessed considerable
research, driven by the interest in various methods of defining
and utilizing fractional order derivatives. The adoption of
fractional theory is attributed to its ability to represent delayed
reactions to physical stimuli observed in nature, a feature not
encapsulated by the generalized theory of thermoelasticity,
which assumes immediate responses to such stimuli.

Sherief et al. [2] advanced the fractional-order theory of
thermoelasticity, marking a significant contribution in this
field. Povstenko [3-7] conducted in-depth studies on fractional
thermoelasticity, employing the quasi-static theory. Raslan [8]
addressed a specific problem related to a thick plate with
symmetric temperature distribution. The work of Khobragade
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and Deshmukh [9] successfully tackled the inverse
thermoelastic problem, providing a thorough analysis of quasi-
static thermal deflection in circular plates. Deshmukh et al.
[10] focused on a thin circular plate containing a heat source,
employing a quasi-static methodology to ascertain the thermal
deflection. Further contributions in this domain include those
by Warbhe et al. [11, 12], who explored various problems
within fractional order thermoelasticity using a quasi-static
approach. Tripathi et al. [13] examined fractional order
thermoelastic deflection in thin circular plates with constant
temperature distribution. Additionally, Tripathi et al. [14]
solved a problem involving a heat source inducing a fractional
order generalized thermoelastic response in a half space,
which changed periodically. Recently, Warbhe [15]
investigated simply supported rectangular plates, focusing on
determining thermal stresses through thermal bending
moments, facilitated by a time-dependent fractional
derivative. Ezzat et al. [16, 17], El-Sayed and Gaber [18]
delved into a range of problems in fractional-order
thermoelasticity, expanding the scope of research in this
specialized area.

Research on thermoelasticity in fractional-order space-time
domains has attracted attention from various scholars. Fil’
Shtinskii et al. [19] successfully solved the equation describing
heat flow in fractional space and time, further analyzing its
thermoelastic behavior in a one-dimensional half-space
scenario. Povstenko [20] has contributed significantly to the
discourse on space and time fractional diffusion equations.
Sherief et al. [21] explored the realm of two-dimensional half-
space problems, delving into the novel theory of fractional
order thermoelasticity. Hussein [22] focused on fractional
order thermoelastic problems in the context of an infinitely
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long solid circular cylinder. In a similar vein, Zhang and Li
[23] examined the transient response of a hygrothermoelastic
cylinder, grounding their analysis in fractional diffusion wave
theory. These studies collectively underscore the growing
interest and diversity in research approaches within the field
of fractional-order thermoelasticity.

In this study, a mathematical formulation is presented to
describe heat flow in materials characterized by spatial and
temporal variations. This formulation employs a time
fractional differential operator to encapsulate memory effects,
while the space fractional differential operator is used to model
long-range interactions. The practical applications of
fractional calculus have motivated the development of a
mathematical model that integrates the space-time fractional
differential operator. This model is constructed using a quasi-
static approach to examine its thermoelastic effects.

The focus of the current study is a hollow cylinder subject
to arbitrary temperature gradients, with the application of
space-time fractional order derivatives. The problem is
addressed using the integral transform technique. The
discussion centers on thermal deflection, analyzed through the
lens of time and space fractional order parameters, and these
parameters are elucidated graphically. The mathematical
model is specifically tailored for pure copper material and has
undergone testing using Mathcad Prime 1.0 version. This
approach provides a comprehensive understanding of the
thermoelastic behavior of materials under fractional order
space-time conditions.

2. FORMULATION OF THE PROBLEM

Consider a two-dimensional heat conduction equation in a
hollow cylinder in the space-time domain, taking into account
fractional order effects with dimensions b<r<c; 0<z<h, r>0,
t>0. Maintained temperature zero at the inner boundary, outer
boundary and on the lower surface, respectively. The

temperature in terms of % is prescribed at the upper

surface. The solution to the problem is obtained by using the
integral transform technique.

The definition of Caputo type fractional derivative is given
by Povstenko [20]:

oUf@) 1 naad"f(z)
ot _r(n—a)g( 2 g 97 (1)
n-l<a<n

The Laplace transform for Caputo derivative is given as
Warbhe et al. [12]:
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where, s is the Laplace transform parameter.
The formula of finite Riesz fractional derivative is defined
in El-Sayed and Ezzat [24] as:
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where, o p(z) = ——

r( @)y
1°(z )‘ﬁ (4—2)‘*¢(4)d4,

Liouville fractional integrals, >0.

The space-fractional derivative of order g is defined in
Povstenko [25] as pseudo-differential operator with the
following rule for the Fourier transform;

|

where, £ is the Fourier transform variable.

The equation of space-time fractional-order heat conduction
with arbitrary temperature for a hollow cylinder in the domain
defined as b<r<c, 0<z<h:

Ja-cy pdc,

are the Riemann-
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with boundary conditions
T=0,at r=h,0<z<h, (6)
T=0,atr=c,0<z<h, (7
T=0,at z=0,b<r<c, (8)
_QM4(r) at z=h,b<r<c,
~ 2xr ’ ©
and initial conditions
T=0,when t=0, O<a<l, (10)
9T _gwhen t=0,1<a<2, (11)

where, a=thermal diffusivity, r=radius, 6=Dirac-delta function.
The temperature on the surface (z=h) chosen in terms of 5(”

with the inclusion of function Q(t) jumps for t>0.

Thermal deflection o(r, t).

The differential equation satisfies w(r, t) which is given in
reference to Warbhe et al. [12] as:

v4 _ VZMT

T pa-v) (12)
where, Mr=thermal moment and it is defined as:
h
M; :a[Ejz.T(r,z,t)dz (13)
0
and D=flexural rigidity of the cylinder defined as:
Eh?
D=
12(1-v?) (14)



where, E=Young’s modulus, a;=coefficient of the linear
thermal expansion and v=Poisson’s ratio.

As the hollow cylinder is fixed on the inner and outer edges,
we have:

w=0ar=bandr=c (15)
3. SOLUTION OF THE PROBLEM
3.1 Temperature distribution function
On applying Hankel transform, finite Fourier Sine

transform, and Laplace transform technique and their
inversions respectively; to the system of Egs. (5) to (11), one
obtains the temperature distribution as:

. 1
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where, Finite Hankel transforms and its inversion over the
spatial variable r, in the range b<r<c defined in the study of

2 )t a]q(t_f)dfj

Sneddon  [26] as: f(np,z,t):Ir.KO(np,r)f(r,z,t)dr ,
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The finite Fourier Sine transform and its inversion are

defined in Povstenko [25] as:
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The Laplace transform is defined as:

L[?wp,cfm,t)]f(np,gm.t)=Te*‘ (7, Ept)dt

* denotes the Laplace transform.
Also, [+ 1 =tE |-al&? +p? jt* » Eoa(.)
ek

is the generalized Mittag - Leffler function.
The normalized eigen function Ko(yp, r) is defined as:
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3.2 Thermal deflection

Using Eq. (16) in Eg. (13), we have obtained the thermal
moment as:

0 0
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Assuming the solution of Eq. (12), this satisfies the Eq. (15),
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Using  results
ror

0°
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( }( (n,r)= 77pY (,1) in Eq. (19), we have:
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Substituting Egs. (19), (20) into Eq. (12), and simplifying,
one obtains:
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Substituting Eq. (21) into Eq. (18), the thermal deflection
obtained as:
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4. NUMERICAL COMPUTATIONS

To prepare the mathematical model for different parameters
and functions for a copper (pure) material to discuss the
fractional-order thermal deflection, we choose the following
values defined (see reference Warbhe et al. [12]) as, b=1 m,
c=2 m, z=0.4 m, w=5, t=5 sec., v=0.35, h=0.4, =4.5 sec.,
1=26.67 GPa, a=112.34x<10%m?s?, a=16.5x<10° K.

The distribution of the function jumps time t>0 for that we
set the function Q(t), as Q(t)=e™, t>0, w>0.

5. FIGURES

Temperature-time dependence for f=1.75 and various
values of a is presented in Figure 1. For the distinct values of
o increases, it is observed that the impact of the region of heat
disturbances is fluctuating throughout the region 1<7<2, which
indicates the non-uniform pattern with concerning to radius. It
is observed that for a small value of a the temperature
equilibrium is faster and interpolating the classical heat
conduction equation when o=0, a=1, a=2 which represent the
liberalized heat conduction equation, diffusion equation, wave
equation, it is shown that the sub-diffusion (0<a<1) implies an
anomalous heat conduction with the convergent thermal
conductivity and super-diffusion (1<a<2) implies an
anomalous heat conduction with divergent thermal
conductivity. When a=1, classical heat conduction occurs,
which is prescribed as Fourier law of heat conduction.
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Figure 1. Effect of temperature on r for #=1.75 and distinct
values of

Temperature-space dependence for =2 and various values
of p=1,152 is presented in Figure 2, which shows the
interpolation of the classical heat conduction equation. When
o=1, =2 Eq. (1) becomes diffusion equation and when a=2,
p=2 the Eqg. (1) becomes wave equation. The classical heat
equation which indicates the temperature is in the form of a
wave equation.

Thermal deflection time dependence for £=1.75 and various
values of « is presented in Figure 3. From the graph, it is
observed that thermal deflection radial direction shows weak,

moderate, super conductivity for the different values of
0=1,1.5,2, which predict the memory impact on the hollow
cylinder.
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Figure 2. Effect of temperature on z for a=2 and distinct
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Figure 3. Dependence of thermal deflection on r for f=1.75
and distinct values of a

Thermal deflection space dependence for =2 and various
values of S is presented in Figure 4. Thermal deflection is
affected due to the inclusion of the jump function at the upper
surface of the cylinder. Therefore, slow variation occurs in the
region 0<z<1.5 and the peak of positive thermal deflection is
observed in the region 1.5<z<2 with the distinct spatial
fractional parameter £.

The variation of thermal deflection depends not only on the
values of temperature in the neighbourhood of the selected
point, but also depends on its value in a remote point.
Therefore, the significant differences in thermal deflection
distribution take place only for the values of a spatial variable.
When a=1 and p=2, the fractional heat conduction equation
turns into Fourier law of heat equation.
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Figure 4. Dependence of thermal deflection on z for ¢=2 and
distinct values of

6. CONCLUSIONS

In this study, we consider the space-time heat conduction
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equation with the fractional order parameter in a hollow

cylinder. Here, the operator 0 represent Caputo fractional
a

derivative which predict memory effects whereas the

B
fractional parameter 67,5 is finite Riesz fractional derivative
ot

predicted the long range interaction.

In this problem considering a finite hollow cylinder and
discuss the thermal deflection behavior with the help of
temperature distribution in terms of space and time fractional
order using a quasi-static approach. The temperature
maintained zero at the inner and outer radii whereas the
arbitrary temperature defined in Eq. (9) is prescribed on the
upper surface of the hollow cylinder. As per as the condition
(10) and (11) must be needed to reflect sub diffusion, normal
diffusion and super diffusion it means which interpolates the
classical heat conduction equation. With the help of
temperature distribution the thermal deflection has been
studied and illustrated graphically.

The fractional-order theory foresees a delayed response to
physical stimuli, while the space fractional differential
operator effectively accounts for long-range interactions,
aligning with observations in the natural world. To sum up, the
outcomes detailed in this article are expected to be of value to
researchers in the field of material sciences, as well as to
material designers and those dedicated to advancing the theory
of thermoelasticity through a quasi-static approach that
incorporates fractional calculus.

The main aim to study this problem is to interpolate the
classical heat conduction equation for the different
conductivity. It is observed that graphically, the variation of
thermal  deflection  shows weak, moderate and
superconductivity for different space-time fractional
parameters with fixed time t=5.

No one studied the space-time heat conduction equation in
a finite length hollow cylinder and the impact of thermal
stresses. Therefore, we claim that this is new and novel
contribution to this field.

ACKNOWLEDGMENT

The authors are thankful for the valuable suggestions of the
reviewer which have improved our manuscript greatly.

REFERENCES
[1] Podlubny, 1. (2001). Geometric and physical
interpretation of fractional integration and fractional
differentiation.  arXiv ~ preprint = math/0110241.
https://arxiv.org/abs/math/0110241.

Sherief, H., El-Sayed, A., Abd El-Latief, A.M. (2010).
Fractional order theory of thermoelasticity. International
Journal of Solids and Structures, 47(2): 269-275.
https://doi.org/10.1016/j.ijsolstr.2009.09.034
Povstenko, Y.Z. (2004). Fractional heat conduction
equation and associated thermal stress. Journal of
Thermal Stresses, 28(1): 83-102.
https://doi.org/10.1080/014957390523741

Povstenko, Y.Z. (2009). Thermoelasticity that uses
fractional heat conduction equation. Journal of

(2]

(4]

1609

(3]

(6]

(8]

(9]

[10]

[11]

[12]

[14]

[16]

[17]

Mathematical Sciences, 162: 296-
305.https://doi.org/10.1007/s10958-009-9636-3
Povstenko, Y. (2010). Signaling problem for time-
fractional diffusion-wave equation in a half-space in the
case of angular symmetry. Nonlinear Dynamics, 59(4):
593-605. https://doi.org/10.1007/s11071-009-9566-0
Povstenko, Y.Z. (2011). Fractional Cattaneo-type
equations and generalized thermoelasticity. Journal of
thermal Stresses, 34(2): 97-114.
https://doi.org/10.1080/01495739.2010.511931
Povstenko, Y. (2012). Theories of thermal stresses based
on space—time-fractional telegraph equations. Computers
& Mathematics with Applications, 64(10): 3321-3328.
https://doi.org/10.1016/j.camwa.2012.01.066

Raslan, W.E. (2015). Application of fractional order
theory of thermoelasticity in a thick plate under
axisymmetric temperature distribution. Journal of
Thermal Stresses, 38: 733-743.
https://doi.org/10.1080/01495739.2015.1040307
Khobragade, N.L., Deshmukh, K.C. (2005). An inverse
quasi-static thermal deflection problem for a thin
clamped circular plate. Journal of Thermal Stresses,
28(4): 353-361.
https://doi.org/10.1080/01495730590916605
Deshmukh, K.C., Warbhe, S.D., Kulkarni, V.S. (2009).
Quasi-static thermal deflection of a thin clamped circular
plate due to heat generation. Journal of Thermal Stresses,
32(9): 877-886.
https://doi.org/10.1080/01495730903018556

Warbhe, S.D., Tripathi, J.J., Deshmukh, K.C., Verma, J.
(2017). Fractional heat conduction in a thin circular plate
with constant temperature distribution and associated
thermal stresses. Journal of Heat Transfer, 139(4):
044502. https://doi.org/10.1115/1.4035442

Warbhe, S.D., Tripathi, J.J., Deshmukh, K.C., Verma, J.
(2018). Fractional heat conduction in a thin hollow
circular disk and associated thermal deflection. Journal
of Thermal Stresses, 41(2): 262-270.
https://doi.org/10.1080/01495739.2017.1393645
Tripathi, J.J., Warbhe, S.D., Deshmukh, K.C., Verma, J.
(2017). Fractional order thermoelastic deflection in a thin
circular plate. Applications and Applied Mathematics:
An International Journal (AAM), 12(2): 898-909.
Tripathi, J.J., Warbhe, S.D., Deshmukh, K.C., Verma, J.
(2018). Fractional order generalized thermoelastic
response in a half space due to a periodically varying heat
source. Multidiscipline Modeling in Materials and
Structures, 14(1): 2-15. https://doi.org/10.1108/MMMS-
04-2017-0022

Warbhe, S. (2020). Fractional heat conduction in a
rectangular plate with bending moments. Journal of
Applied Mathematics and Computational Mechanics,
19(4): 115-126.
https://doi.org/10.17512/jamem.2020.4.10

Ezzat, M.A., El Karamany, A.S., Fayik, M.A. (2012).
Fractional order theory in thermoelastic solid with three-
phase lag heat transfer. Archive of Applied Mechanics,
82:557-572. https://doi.org/10.1007/s00419-011-0572-6
Ezzat, M.A., El-Karamany, A.S., El-Bary, A.A., Fayik,
M.A. (2013). Fractional calculus in one-dimensional
isotropic  thermo-viscoelasticity. Comptes Rendus
Meécanique, 341(7): 553-566.
https://doi.org/10.1016/j.crme.2013.04.001


https://www.sciencedirect.com/journal/international-journal-of-solids-and-structures
https://www.sciencedirect.com/journal/international-journal-of-solids-and-structures
https://doi.org/10.1016/j.ijsolstr.2009.09.034
https://doi.org/
http://dx.doi.org/10.1007/s10958-009-9636-3
https://doi.org/10.1016/j.camwa.2012.01.066
https://doi.org/10.1080/
https://doi.org/10.1080/
https://doi.org/10.1080/01495739.2017.1393645
https://www.emerald.com/insight/publication/issn/1573-6105
https://www.emerald.com/insight/publication/issn/1573-6105
https://doi.org/10.1108/MMMS-04-2017-0022
https://doi.org/10.1108/MMMS-04-2017-0022
https://doi.org/10.17512/jamcm.%202020.4

(18]

[19]

[22]

(23]

(24]

El-Sayed, A.M.A., Gaber, M. (2006). On the finite
Caputo and finite Riesz derivatives. Electronic Journal of
Theoretical Physics, 3(12): 81-95.

Fil’Shtinskii, L.A., Kirichok, T.A., Kushnir, D.V. (2013).

One dimensional fractional quasi-static thermoelasticity
problem for a half space. WSEAS Transactions on Heat
and Mass Transfer, 8(2): 31-36.

Povstenko, Y.Z. (2009). Theory of thermoelasticity
based on the space-time-fractional heat conduction
equation. Physica Scripta, 2009(T136): 014017.
https://doi.org/10.1088/0031-8949/2009/T136/014017
Sherief, H., Abd El-Latief, A.M. (2014). Application of
fractional order theory of thermoelasticity to a 2D
problem for a half-space. Applied Mathematics and
Computation, 248: 584-592.
https://doi.org/10.1016/j.amc.2014.10.019

Hussein, E.M. (2015). Fractional order thermoelastic
problem for an infinitely long solid circular cylinder.
Journal of Thermal Stresses, 38(2): 133-145.
https://doi.org/10.1080/01495739.2014.936253

Zhang, X.Y., Li, X.F. (2017). Transient response of a
hygrothermoelastic cylinder based on fractional
diffusion wave theory. Journal of Thermal Stresses,
40(12): 1575-1594.
https://doi.org/10.1080/01495739 .2017.1344111
El-Karamany, A.S., Ezzat, M.A. (2011). On fractional
thermoelasticity. Mathematics and Mechanics of Solids,

1610

16(3): 334-346.
http://doi.org/10.1177/1081286510397228

[25] Povstenko, Y. (2015). Linear Fractional Diffusion-Wave
Equation for Scientists and Engineers. Birkhdser, New
York.

[26] Sneddon, I.N. (1972). The Use of Integral Transforms
(First edition). McGraw-Hill, New York.

NOMENCLATURE

r radius, m

z thickness, m

b inner radius of the disk, m

c outer radius of the disk, m

a thermal diffusivity, m?s?

a coefficient of linear thermal expansion, %
I(r,z, )  temperature distribution function, K
w(r, t) thermal deflection, mm

u Laméconstant

v Poisson ratio

E Young’s modulus

Greek symbols

a fractional order parameter for time
p fractional order parameter for space
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