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 The safety and stability of the vehicle are some of the most important factors when the 

vehicle moves on the road. If the driver suddenly steers at high speed, it may cause 

instability (oversteering, understeering). One of the solutions used to limit this situation 

is to use a 4-wheels steering system instead of the conventional 2-wheels steering 

system. This article focuses on establishing the spatial dynamics model of the vehicle 

and simulating the trajectory of the vehicle in the case of 4-wheels steering and 2-wheels 

steering in different moving conditions. The results of the study show that when the 

vehicle was equipped with the 4-wheels steering system, the stability of the vehicle was 

improved. Therefore, if the vehicles use the 4-wheels steering system, the oversteering 

and understeering phenomenon can be reduced. 
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1. INTRODUCTION 

 

The automobiles are versatile vehicles commonly used 

around the world. With the development of technology, 

engineering, and infrastructure, vehicles can move at very high 

speeds. However, this has also increased the number of crashes, 

rollovers, … One of the leading causes of these accidents is 

instability when changing the direction of the movement of the 

vehicle. This instability is characterized by the steering system 

through two phenomena: oversteering and understeering [1, 2]. 

The oversteering phenomenon occurs mainly when the 

vehicle turns around at high speed. At this time, the turning 

radius of the vehicle is quite small. With the sudden 

appearance of the centrifugal force, the vehicle can be rollover 

in an extremely small amount of time. To limit this 

phenomenon, the trajectory of the vehicle (turning radius) 

needs to be increased. 

The understeering phenomenon often occurs when the 

vehicle changes lanes at high speed. The trajectory of 

movement (lateral) of the vehicle is quite large. Therefore, the 

vehicle will be deviated from the lanes and risk hitting other 

obstacles such as median strips, adjacent vehicles, … To 

minimize this situation, it is necessary to reduce the trajectory 

(lateral) of the vehicle when changing lanes at high speed. 

Several solutions have been introduced to improve the 

stability of the vehicle when steering such as equipping the 

Electronic Stability Program (ESP), Active Suspension 

(AS), … However, this problem has not been resolved yet. 

Today, modern vehicles are using the 4-wheels steering 

system instead of the 2-wheels steering system to improve 

safety and stability when steering. Actual results show that 

safety and stability have been significantly improved [3]. 

Rehan et al. [4] demonstrated that the turning radius of the 

vehicle equipped with the 4-wheels steering system will be 

smaller than that of the conventional 2-wheels steering system. 

Singh, A. et al also verified these problems in their study [5]. 

Spentzas et al. [6] introduced the dynamics model of the 4-

wheels steering that used simple modeling. 

Many studies on 4-wheels steering systems to improve 

stability and minimize the turning radius of the vehicles have 

been performed [7-9]. Gao et al. [10] introduced the algorithm 

to control the 4-wheels steering system by the LQR controller. 

Ping, X. et al also showed a simulation method of the 4-wheels 

steering system based on the PID control algorithm [11]. 

Besides, studies on control and coordination of the 4-wheels 

electronic steering system have also been conducted [12-24]. 

In general, the results of these studies show that the 4-wheels 

steering system helps the vehicles move more safely and stably, 

limiting the effects of the oversteering and understeering at 

high speed. 

This study focuses on establishing the dynamic model of the 

vehicle when steering and simulating the trajectory under 

different steering conditions to show the difference between 

the 4-wheels steering system and the 2-wheels steering system. 

 

 

2. METHODOLOGY 

 

2.1 Establish the double-track dynamic model 

 

To determine the vehicle's trajectory when steering, the 

double-track dynamic model was used (Figure 1). The 

movement of the vehicle is described based on the following 

3 equations below. 

The equation describing the longitudinal movement of the 

vehicle: 

 

( ) ( )
2

x y xij ij yij ij 1
i, j=1

M v - α+ψ v = F cosδ - F sinδ - F    (1) 

 

The equation describing the lateral movement of the vehicle: 

 

( ) ( )
2

y x xij ij yij ij 2
i, j=1

M v + α+ψ v = F sinδ +F cosδ - F    (2) 
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The equation describing the rotation of the vehicle around 

the axis: 

 

( ) ( )

( ) ( )

j

2 xij ij yij ij wi i i

Z i+1i, j=1
xij ij yij ij i zij

-1 F cosδ - F sinδ t + Fc +
I ψ =

-1 F sinδ + F cosδ a - M



 
 
 
 

 (3) 

 

 
 

Figure 1. Double-track dynamics model 

 

The trajectory of the vehicle is determined based on the 

position of the center of gravity of the vehicle. Therefore, these 

values need to be calculated. 

 

( )X = vcos +ψ dt  (4) 

 

( )Y = vsin +ψ dt  (5) 

 

The value of the slip angle  can be calculated according to 

(6): 

 

y

x

v
= arctan

v
  (6) 

 

2.2 Determine the forces of the tires 

 

The value of the longitudinal force Fx, lateral force Fy, and 

moment Mz are the function that depends on the vertical force 

Fz of the tires. 

 

( )x y zz
F ,F ,M = f F  (7) 

 

To determine these values, the Pacejka tire model is used in 

this study [25]. 

The longitudinal force of the wheels: 

 

 
x x x hx

x x x vx

x x x hx

B (1 - E )(s + S )+
F = D sin C arctan + S

E arctan B (s + S )

  
   

  

 (8) 

 

The lateral force of the wheels: 

 

 
y y hy

y y y vy

y y hy

B (1- E )(α+S )+
F = D sin C arctan + S

E arctan B (α+S )

  
  
    

 (9) 

 

The moment of the wheels: 

 

 
z z hz

z z z vz

z z hz

B (1 - E )(α+ S )+
M = D sin C arctan + S

E arctan B (α+ S )

  
   

  

 (10) 

  

The coefficients B, C, D, E, s, and S are referenced in [26]. 

The value of the vertical force Fz is calculated based on the 

spatial dynamics model of the vehicle. 

 

2.3 Determine the vertical force 

 

To calculate the vertical force of the wheels, the spatial 

dynamics model of the vehicle is established [27, 28]. 

The equations describe the oscillation of the vehicle with 7 

degrees of freedom in space as below (Figure 2): 

 

C11 K11 C12 K12 C21 K21 C22 K22mz = F + F + F + F + F + F + F + F  (11) 

 

( ) ( )

( ) ( )

2

x C11 K11 C12 K12 w1

C21 K21 C22 K22 w2 y

I + mh φ= F +F - F - F t +

F + F - F - F t + gsinφ+a cosφ mh

 (12) 

 

( ) ( )

( )

2
C11 K11 C12 K12y 11

C21 K21 C22 K22 2

I + mh θ = F +F +F +F a -

F +F +F +F a

 (13) 

 

ij ij KTij Cij Kijm ξ = F - F - F         i, j = 1,2   (14) 

 

where: 

 

( )
i

Cij ij ij iF = C ξ - z+ -1 b φ 
 

  i, j = 1,2  (15) 

 

( )
i

Kij ij ij iF = K ξ - z+ -1 b φ 
 

  i, j = 1,2  (16) 

 

( )KTij Tij ij ijF = K u - ξ                i, j = 1,2  (17) 
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Figure 2. Spatial dynamics model 

 

 

3. RESULTS AND DISCUSSION 
 

3.1 Simulation conditions 

 

The simulation process is done in three different moving 

conditions: J-turn, Change lane, and Fish-hook. Under each of 

the above conditions, the vehicle will perform 2-wheels steer 

and 4-wheels steer at different speeds. 

 

+ Case 1: 11 = 12 = 30, 21 = 22 = 00, v = 50 (km/h) 

+ Case 2: 11 = 12 = 30, 21 = 22 = 00, v = 60 (km/h) 

+ Case 3: 11 = 12 = 30, 21 = 22 = 00, v = 70 (km/h) 

+ Case 4: 11 = 12 = 30, 21 = 22 = 10, v = 50 (km/h) 

+ Case 5: 11 = 12 = 30, 21 = 22 = 10, v = 60 (km/h) 

+ Case 6: 11 = 12 = 30, 21 = 22 = 10, v = 70 (km/h) 

 

Specifications of the vehicle are given as in Table 1. 

 

Table 1. Specifications of the vehicle 

 
Symbol Value Unit 

a1 1100 mm 

a2 1600 mm 

b1 700 mm 

b2 710 mm 

C11/C12 2000 Ns/m 

C21/C22 1800 Ns/m 

h 500 mm 

Ix 700 kgm2 

Iy 2000 kgm2 

Iz 2150 kgm2 

K11/K12 34000 N/m 

K21/K22 30000 N/m 

KT11/KT12 120000 N/m 

KT21/KT22 120000 N/m 

m 1700 kg 

M 1900 kg 

mij 50 kg 

tw1 715 mm 

tw2 720 mm 

3.2 Results 

 

The trajectory of the vehicle when steering J-turn type is 

shown in graph Figure 3. From the graph, it can be seen that: 

+ With the same value of the steering angle, if the velocity 

is larger, the trajectory is larger. 

+ With the same value of the velocity, if the vehicle steers 

4-wheels, the trajectory will be larger than steers 2-wheels. 

Therefore, the 4-wheels steering system can improve 

stability and limit the oversteering phenomenon when steering 

J-turn type at high speed.  

 

 
 

Figure 3. The trajectory of the vehicle when steering J-turn 

type 

 

The graph in Figure 4 shows the difference in trajectories 

when steering Change lane type of the above cases. 

+ With the same value of the steering angle, if the velocity 

is larger, the trajectory is larger. 

+ With the same value of the velocity, if the vehicle steers 

4-wheels, the trajectory (lateral) will be larger than steers 2-

wheels. 

Therefore, the 4-wheels steering system can improve 
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stability and limit the understeering phenomenon when 

steering change lane type at high speeds. 

 

 
 

Figure 4. The trajectory of the vehicle when steering Change 

lane type 

 

Usually, the steering Fish-hook type can make instability 

and danger of the vehicle. Figure 5 shows the trajectory of the 

vehicle when steering Fish-hook type at different speeds. In 

general, when the vehicle is equipped with the 4-wheels 

steering system, the phenomenon of oversteering and 

understeer will be reduced compared to the conventional 2-

wheels steering system. 

 

 
 

Figure 5. The trajectory of the vehicle when steering Fish-

hook type 

 

 

4. CONCLUSIONS 

 

The steering system has a great influence on the safety and 

stability of the vehicle when steering. To improve safety and 

limit the oversteering and understeering phenomenon, the 4-

wheels steering system has been applied to some of today's 

vehicles. The results of the study have shown that: 

+ At the same value of the velocity, the trajectory of the 

vehicle equipped with the 4-wheels steering system will be 

greater than the conventional 2-wheels steering system in the 

case of steering J-turn type. This helps reduce the risk of 

rollover caused by oversteering phenomenon (especially at 

high speeds and large steering angles). 

+ At the same value of the velocity, the trajectory (lateral) 

of the vehicle equipped with the 4-wheels steering system will 

be smaller than the conventional 2-wheels steering system. 

This helps limit the risk of crashing into other obstacles caused 

by the understeering phenomenon (especially at high speeds). 

+ In the case of the vehicle steers Fish-hook type, risks of 

the instability of the vehicle are also significantly improved. 

However, the structure and control of the 4-wheels steering 

system are also much more complex than the conventional 2-

wheels steering system. Therefore, the production costs of 

these vehicles equipped with this steering system are also quite 

expensive, unable to reach the majority of users. In the future, 

the 4-wheels steering system could be widely used to improve 

safety and stability on the move. 
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NOMENCLATURE 

 

a1 Distance from the center of gravity to the front 

axle, m 

a2 Distance from the center of gravity to the rear 

axle, m 

b1 Half of the distance of the suspension system at 

the front axle, m 

b2 Half of the distance of the suspension system at 

the rear axle, m 

ci Distance from the external force to the center of 

gravity, m 

Cij Coefficient of damper, Ns/m 

FCij Force of the damper, N 

Fi External force, N 

FKij Force of the spring, N 

FKTij Force of the tires, N 

Fxij Longitudinal force, N 

Fyij Lateral force, N 

Fzij Vertical force, N 

h Distance from the center of gravity to roll axis, 

m 

Ix Moment of inertia of the x-axis, kgm2 

Iy Moment of inertia of the y-axis, kgm2 

Iz Moment of inertia of the z-axis, kgm2 

Kij Stiffness of spring, N/m 

KTij Stiffness of tire, N/m 

M Total mass of the vehicle, kg 

m Sprung mass, kg 

mij Unsprung mass, kg 

Mz Moment of the tire, N/m 

tw1 Half of the track width of the front axle, m 

tw2 Half of the track width of the rear axle, m 

uij Bump on the road, m 

uij Bump on the road, m 

v Equivalent velocity, m/s 

vx Longitudinal velocity, m/s 

vy Lateral velocity, m/s 

X Longitudinal position of the center of gravity, m 

Y Lateral position of the center of gravity, m 

 

Greek symbols 

 

 Yaw angle, rad 

 Pitch angle, rad 
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