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Electronic components, during assembly, transportation, and operation, are exposed to
a diverse array of dynamic loads, encompassing high and low frequency vibrations,
shock, impact, and most importantly, random vibrations. Such rigorous loading
conditions necessitate the design of electronic components that can endure these harsh
circumstances. Analytical methods, owing to their cost-effectiveness, are
predominantly employed to investigate the longevity and resilience of these electronic
structures, circumventing the need for protracted and costly experiments. In this study,
an analytical discussion is presented concerning the random vibration loads applied to
printed circuit boards (PCBs) fitted with surface-mounted components. The electronic
package is modelled using the multi-layer plate theory, where the board, solder layer,
and component are all conceptualized as elastic rectangular plates. The ensuing stress
and potential failure of solder joint layers due to the random vibration loading are
scrutinized, alongside an examination of how problem parameters, such as the width of
the board and the imposed boundary conditions, impact the stress values within the
solder joints. The results derived from the analytical solution reveal that solder stresses
induced by random vibrations are diminished in shorter joints, enhancing their
reliability. The findings of this research corroborate the results obtained from finite

element modelling, thereby validating the analytical approach.

1. INTRODUCTION

Electronic boards, being integral components of numerous
engineering systems, necessitate thorough examination for
durability against environmental factors. Accordingly, the
provision of analytical methods for evaluating various board
parameters is of paramount importance. Consequently, a
significant body of research has been devoted to determining
the stress in solder joints [1-3].

Typically, a conventional electronic package comprises a
printed circuit board (PCB) connected to an integrated
component (IC) through an array of solder interconnects. This
structure has been primarily studied in literature as either
elastically coupled beams or elastically coupled plates. The
former is more frequently analysed due to its relative
simplicity. Herein, the PCB and the IC are regarded as dual
Euler-Bernoulli beams, with solder joints represented by an
elastic layer composed of finite axial and/or flexural linear
springs.

Pioneered by Wong [4], an analytical model was developed
to calculate distortions of the coupling layer and correlate them
to solder deflections and strains. Subsequent solutions for the
elastically joined beams under the bending system were
proposed by Wong et al. [5-7] and Larbi et al. [8], where both
axial and flexural deformations of the elastic layer were
considered. Engle [9] and Pitarresi and Ceurter [10]
formulated an analytical solution for the coupled beams with
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a central concentrated force problem, calculating solder
stresses accordingly. Gharaibeh et al. [11] revisited the
solution of Engle-Pitarresi, solving the beams with partial
coupling problem, which was later validated experimentally
[12]. More recently, Gharaibeh and their colleagues [13]
numerically addressed the symmetrical bending of two fully
coupled beams problem.

Conversely, there is a dearth of analytical research
regarding the bending problem of two elastically coupled
plates. In such models, both the PCB and the IC component
are conceptualized as two elastic rectangular plates
interconnected by a matrix of finite axial linear springs, i.e.,
solder interconnects. Gharaibeh et al. [14] were the first to
introduce this problem in 2015, employing the assumed mode
method to determine the free vibration characteristics, i.e., the
first natural frequency and mode shape. The results of this
approximation aligned well with experimental data. Later,
Gharaibeh et al. [15, 16], Gharaibeh and Pitarresi [17, 18]
extended this solution to account for the forced vibrations of
the coupled plates due to various dynamic loadings - harmonic
and random vibrations, as well as transient loadings.

From the literature review, it is evident that analytical
methods have been widely used to solve solder stresses due to
static bending and harmonic vibrations. However, there is a
conspicuous absence of published works that provide an
analytical solution for solder stresses due to random vibrations.
Therefore, this paper aims to furnish a closed-form analytical
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solution for the normal and bending stresses of solder
interconnects due to random vibrations. The paper commences
with a comprehensive system description, followed by the
structure modelling procedure using multi-layer plate theory,
and the resulting governing equation for electronic assembly
under random vibration. Subsequently, the details of the
analytical solution for interconnection stresses are provided,
culminating in a comparison of the solution results with finite
element analysis (FEA).

2. RANDOM VIBRATIONS THEORY

In general, for a stationary ergodic process x(t), the power
spectral density (PSD) function, between two-time instances t;
and t,, of this random process Sx(w) can be mathematically
defined as the Fourier transformation of the autocorrelation
function of the process Ru(z), where z=t,-t; is the separation
time, as [19]:

iff; Rux(D)e™7dr, —0 <7 < 0 )

Sxx(w) =
where, w is the circular frequency in units of rad/sec and i =
v—1 is the imaginary number. The autocorrelation function of
a random process X(t) is:

Rex(@) = E[x(®)x(t + D] = lim — [ x(@)x(t +

2
T)dt, @

-0 <7< 0

where, E[.] is the statistical expectation of or simply the
expected value of a random process.

In addition, the autocorrelation function is obtainable from
the PSD function because the operation of Fourier transform

is invertible. Thus,

R (@) = [* S(@)e'"dw, —0 < w < o (3)
For a zero-separation time (z=0),
R (0) = z(t)] f Sex(@)dw,—0 < w < (4)
Also, for z=t,-t3, it can be proven that:
Rux (T) = Ry (b4, t) = E[x(t)x(t5)] (%)

Considering the forced single degree of freedom system
(SDOF), and governed by:

mi + cx + kx = f,(t) (6)
where, m, ¢ and k are the mass, damping and stiffness constants,
respectively; x(t) is the response of the system and fo(t) is the
applied force and it is arbitrary, i.e., random. By dividing the
above equation by m, thus,

¥+ 2{wpx + wix = F,(t) 7

where, w,, = \/E is the natural frequency; { = ﬁ is the
n

damping ratio and F, (t) = fo(t)
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The response of this SDOF system, at any two-time
moments t; and t,, could easily obtained from the convolution
integral as [20]:

x(ty) = fotl Fo(t)h(ty — 11)dTy

x(ty) = fotz Fy(T2)h(t; — 12)dT, ®

where, if the system is underdamped (0<C<1) and it is initially
at rest (x(0) = x(0) == 0), h(t) =

impulse response and wy; = w,4/1 — (2 is the damped natural
frequency of the SDOF system.

To evaluate the PSD of the system’s response we substitute
Eq. (8) into Eq. (5) and then into Eq. (1) along with some
mathematical manipulations, thus,

sin (w,t) is the

Sxx ((1.)) = HFox(w)H;'Dx (w)SFoFO (0)) (9)

where, Hp .(w) and Hf ,(w) are the complex transfer

function between the output (response) and the input (force)
and its complex conjugate respectively and are expressed as:

1/m
HFOx(w) —w 2+2ilwpw
H, o (@) = 2 (10)

w2 -w2-2i{wpw

H (@) Hi, (@) = |Hp ()]

Also, in Eq. (9), Sg,r, (w) is the power spectral density
function of the excitation force Fo(t) and it could be easily
determined in a similar procedure to that been followed here.

3. RANDOM VIBRATIONS
ELECTRONIC SYSTEMS

ANALYSIS OF

The governing equation of a vibrating isotropic plate is
expressed as [21-23]:

+c—+DV4 =0

at?

ph (1)
where, p, ¢ and D are the density, damping constant and
flexural stiffness of the plate, respectively. Considering base
excitation, the displacement of the plate is:
Wa(x'y' t) = Wb(t) +W(x!y't) (12)
where, wa(X, Y, t) is the absolute displacements; w(x, y, t) is the
plate deformations; and wy(t) is the base motion; p(t) =

—pw,, (t) and will be discussed below. By substituting Eq. (12)
into (11), thus:

phZ¥ 4 ¢

at2

+ DV*w = p(t) (13)

Eg. (13) above can be solved by assuming the solution as:

w(x,y,t) = Xim=1Xn=1Wmn (%, ¥) @mn (t) (14)
where, wmn(x, y) are the orthogonal mode shapes and gmn(t) is
the time-dependent function. Substituting Eq. (14) into (13)

and using the mode shape orthogonality properties yields:



Gmn (1) + ﬁmnqmn(t) + Wi G (£) =

m;fwmn(x'Y)p(t)dxdy (15)

where, wmn are the natural frequencies of the system;
Pron=2Cmn@mn and {mn is the model damping.

Considering harmonic base excitation wy(t)=e*’ where w is
the excitation frequency; i = v/—1). Then the function p(t) can
be accordingly written as:

pwzelwt

wy () = ™!, p(t) = —pin, (t) D p(t) = (16)

To obtain the decoupled ordinary differential equations, we
substitute Eq. (16) into Eq. (15), thus:

_ pw lmn plot

‘.jmn (t) + anan(t) + wqmn(t) (17)

Mmn

where,

Lyn = [ Ymn (x,y)dxdy (18)

Using transfer function method, the solution of Eq. (17) is
expressed as:

Gmn(t) = Hmn(w)lmneiwt (19)

pw?

Mmn(0in—0?+Bmnio)

Hmn(w) = (20)
By inserting Egs. (19) and (20) into Eq. (14), the frequency
response of the vibrating plate can be expressed as:
Hy, (x,y, ) = Xm=1 Xone1 Pmn (X, Y) Hypn (0) (21)
Similarly, the frequency response of the absolute motion of
the plate can be written as:
Hyo(x,y,0w) =1+ H,(x,y, w) (22)
Using random vibrations basics, the expected value of the
standard deviation of the plate deformations E [w?(x, y, t)] and

accelerations E[w2 (x, y, t)] are represented as:

Ew?(x,y,0] = [J"|Hy(x, 7, @) 2Syp(@)dw  (23)

Ewi(x,y,0)] = J; w*lH, (x5, 0)*Swp(@)dw  (24)
where, Swo(w) is the one-sided power spectral density (PSD)
of the base excitation.

4. SOLDER INTERCONNECT STRESSES

As shown previously, the displacements and accelerations
of a plate under base excitation were obtained. As a result, it
is now possible to analytically estimate solder interconnect
stresses due to random vibration loadings. During this process,
the number of solder joints for electronic system modelling is
considered infinite. Thus, the interface layer can be assumed
to be continuous, as shown in Figure 1, can be used to model
this problem.

Considering the free-body diagrams of the interconnect
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shown in Figure 2 and with assuming that the normal stress
and shear stress are constant throughout the thickness of the
solder, and the value of the linear bending moment the
electronic component is equal to ms, and at the PCB is m; their
equations can be written as:

Moy = TxMax (25)

Moy = HyMay (26)

IC package

by

Solder

PCB
layer

Figure 1. Electronic assembly details

= d:--:j'_j ) +
- he S
mz me ms

Figure 2. Free-body diagrams for the solder interconnect
moments and shear forces [8]

where, ry and ry are constants related to the bending and shear
deformations of the interconnect. The moments m; and m;
discussed previously are composed into two moment
components as my which represents the pure bending state of
the solder and the second component ms which creates a cut
along the length of the solder and varies linearly across the
solder length. Both moments have x and y components and are
written as:

Max~Mix ond m . = 2y My

and mg, = ——

m¢x = (27)

_ Max+mgy

m2y+m1y
me -

and my,, = >

(28)

The normal force (f.(x)), shear force (fs(x)) and the bending
moment (my4(x)) can be expressed in terms of the equivalent
normal stiffness (kn), shear stiffness (ks) and flexural stiffness
(k) of the solder interconnect, as:

fn(x) =ky X 6y 29
fs(x) = kg X & (30)
mg(x) = kg X @ (1)

where, dy, Js and ¢ are the normal, shear and flexural
deformations of the interconnect, respectively.



Define the solder stiffnesses as
_ nEgAg

hn == (32)

ky = _"f:’s (33)
NEglg

ko == (34)

where, n is the number of the solder joints in the electronic
structure; Es and Gs are the tensile and shear moduli of the
solder material, respectively; As, Js and Is and hs are the cross-
sectional area, polar moment of inertia and second moment of
area and the standoff length of the solder interconnect,
respectively.

Considering the free-body diagram of the PCB when
exposed to bending due to random vibrations, as shown in
Figure 3, the PCB moments are written in the function of the
solder moments (Figure 4) as:

92 a2
my+ [mydx =D (% + vﬁ) (35)
a2 92
my, + [ my,dy =D (ﬁ + v#) (36)
02
My, =D(v—1) axa"; (37)

where, D and v are the flexural rigidity and Poisson’s ratio of
the PCB material. Similarly, solder shear and normal forces
can be expressed as:

_ Maxtmgy — 2Mmgx
foo=—0 = (38)
myy+m 2m,
fsy — M2y 1y _ sy (39)

hs hs

My-+(@My/dy)dy
Qy+(6Qy/ay]dy'v Fy+(0Fy/dy)dy

Mxy+{dMxy/dy)dy
X Mx+(dMx/dx)dx

e :_,.%En{dﬁddx]dx

T
[

Fx .

Mx;r I N e r—— L Qx+(9Qx/0x)dx
|/ A Mxy+(d Mxy/dx)dx
FoQ

Figure 3. Free body diagram of the PCB when exposed
bending due to random vibrations [21]

g,

<
y
/
/
/
mx f:? X

Solder Forces

Figure 4. Solder interconnect state of bending, normal
forces, and shear forces when the PCB is subjected to
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bending due to random vibration
Generally, the solder normal stresses are expressed by
substituting Eq. (29) and Eq. (32) into Eq. (11), thus:

0*fn 0 4 0%n 0% _
dx* +2 0x20y? + ay* ox2 B dy? Cfa (40)
D=0

A, B, C and D are constant coefficients depends on the
solder geometry.

Therefore, the equivalent sum of the solder normal stresses
due to base acceleration is:

L W
Jo Iy fadxdy =my.a (41)

L and W are, respectively, the symmetrical length and width
of the IC component. Considering Figure 5, the slopes of the
horizontal and vertical axes are going to be equal to zero, such
as:

36, _ afn _
ax (x, 0) - 0 - dx (xP 0) - 0 (42)
36p _ ofn _

g(O.J’) =0- By 0,y)=0 43)

Thus, the curvature differences between the 1C package and
circuit board shown in Figure 5 is:

%fn _ _ kn
dx2 ~ RMS(Rxpcp) (44)
fn __ kn (45)

dy?  RMS(RypcB)

where, RMS(Rypcs) and RMS(Ryrcg)are the root-mean-squares
of the solder normal stresses along the x and y directions,
which can be evaluated using the method of the repetition of
the changes [3] such as:

RMS(Rypcp) = [ mydxdy (46)
RMS(Rypcp) = ff mydxdy 47)
, 3,
[ ’ >
A
;‘l
..... Y

\

Figure 5. The deformed shape of the solder interconnect due



to mechanical bending [22]
Similarly, the root mean squares of the normal stress (on)
and the bending stress (ob) of the interconnection are:

RMS(c,) = \/RMS(mx)Z + RMS(m,)’ (48)
RMS (gy) = S0nEs (49)
where, Rs is the solder maximum radius and Is the

cross=sectional second moment of inertia around the solder
neutral axis.

5. ANALYTICAL SOLUTION CORRELATION WITH
FEA

In order to validate the current analytical solution, it was
compared with the finite element solutions. In this validation,
an electronic assembly with the mechanical and geometrical
properties listed in Table 1 are considered. In this validation
system, 20 symmetrically distributed solder interconnections
are used to attach the circuit board with the integrated package.
The loading condition is base acceleration excitation with
random vibration white noise profile of 0.5 PSD in the
frequency range of 20 to 2,000 Hz.

Table 1. Mechanical and geometrical details of electronic
system used in the validation study

R Electronic Electronic Solder
Specifications Board Unit Connection
Length (cm) 16 4 -
Width (cm) 8 2 -
Height (cm) 0.1 0.4 0.1
Radius (cm) - - 0.1
Young's
modulus (GPa) 225 27 425
i 3
Density (>10 2680 1035 8410
kg/cm?3)
Poisson's ratio 0.12 0.3 0.4
! ! ! E=9.09% [
] e T
B - naivtical
) St
iz E=872%

E=4.63%

RMS of Solder Mormal Stress [MPa]

2 3
Solder Joint Number

Figure 6. Analytical solution validation with FEA results in
terms of solder RMS stress value

1269

For the finite element analysis (FEA) modelling, ANSYS
version 17 is used. For the element type, SOLID185 element
is used for modelling the board, package and solder balls. The
previously described properties and loading conditions are
also applied in this simulation. The results of the FEA
modelling are compared to those of the analytical model as
shown in Figure 6. The relative error (E) between FEA and the
analytical solution results are also included in the figure. In
this comparison, only the first 4 solders in the system were
compared as they the most important and crucial interconnects.

The results of this validation study show that the root mean
square stresses of the considered solder interconnects from the
analytical solutions and the FEA numerical solutions are in
great agreement with an approximate relative error less than
10%. Thus, this solution is accurate and effectively compute,
evaluate, and predict solder stresses due to random vibrations.

6. CONCLUSIONS

This investigation has presented an analytical exploration of
the random vibration loads imposed on electronic boards. The
board, throughout the course of this study, has been
conceptualized as a multi-layered assembly of elastic
rectangular plates, encompassing the board itself, the solder
layer, and the package.

An in-depth examination of solder joint stresses and
potential failure due to random vibration loading was
conducted, and the influence of problem parameters, including
the board's width and the imposed boundary conditions, was
assessed. The findings revealed that solder joints of shorter
lengths are subjected to reduced stress, suggesting an
enhanced reliability under random vibration conditions. It was
also determined that the fatigue life of solder joints could be
significantly improved through stiffer PCB designs and
smaller packages.

Finally, the analytical solution was corroborated with finite
element simulations, with a deviation of less than 10%. This
validation provides confidence in the effectiveness of the
proposed analytical approach.

This study contributes to the body of knowledge on
electronic board resilience against random vibrations, offering
valuable insights for the design and manufacture of more
robust and reliable electronic components. Future work could
further investigate different material properties and their
impact on stress distribution, expanding the generalizability of
these findings to a wider range of electronic packages.
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