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1. INTRODUCTION 

Energy consumption in cities is a central issue for urban 
planners, being cities responsible for the 67% of the world 
energy demand [1]. The intense urbanization worldwide 
pushes towards the question of how to use the energy sources 
in a sustainable way reducing the dependence on fossil fuels 
and the consequential global warming. In this context, the 
diffusion of Decentralized Energy Systems (DES) has 
progressively become more intense due to the fact that DES 
allow to cover a significant share of the energy demand.  

To the purpose, city governments have promoted several 
action plans for the integration of decentralized energy 
systems in their territories [2, 3, 4]. For the case of Italy, an 
energy policy initiative focuses on the possibility to generate 
and distribute energy locally [5]. The energy usage is a topic 
also treated by researchers. Webb et al. [6] provide an 
empirical overview and analysis of the UK local government 
sustainable energy plans leading to sustainable decentralized 
energy systems. In the work of Chmielewski et al. [7] 
attention has been directed towards the diffusion of micro-
cogeneration systems in Poland.  

Regarding the optimization of decentralized energy 
systems, many studies can be find in the literature. In this 
direction, the work of Villatoro Flores et al. [8] addresses the 
selection of generation technologies for a decentralized 
energy system based  on  local  renewable  sources.  Similarly,  
 

Chauhan and Saini [9] optimize a renewable energy system 
for rural areas in India. Katsoulakos and Kaliampakos [10] 
present a linear optimization model for the improvement of 
decentralized energy systems in mountainous areas. Semache 
et al. [11] study the impact of a solar system on the energy 
performances of the rural housing in Algeria. 

Yet, the diffusion of DES at urban scale results on the 
creation of energy interactions among consumers, which can 
be identified as buildings, neighborhoods or municipalities. 
In this sense, consumers have the possibility to exchange their 
own produced energy. Therefore, the decentralization of the 
urban energy systems requires the definition of mathematical 
methods, as formerly developed by Fichera et al. [12], which 
take the energy exchange among consumers into account, and 
permit the optimization of the energy flows within the 
neighborhood. In this direction, the presented paper develops 
the concept of urban energy network on the ground of the 
complex network theory. The main advantage of complex 
networks models resides on the possibility to analyze the 
interactions that can occur among its constituents [13]. In fact, 
the concepts of nodes and links, typically used for the study 
of networks [13], can be transferred to the energy context, by 
considering nodes as consumers and links as the interactions 
for the exchange of energy.  

Therefore, in this paper a mathematical tool, which is 
based to optimize the energy flows occurring between 
autonomous consumers, is presented. 
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The intense urbanization and the remarkable energy consumption deriving from urban areas are responsible 
for the 67% of the world energy demand. For that reason, the energy usage in cities has attracted considerable 
attention from governments and researchers. In this context, the diffusion of decentralized energy systems has 
progressively become more intense, causing the creation of energy interactions among consumers. In order to 
consider the energy exchanges deriving from those interactions, a new procedure based on the complex 
network theory has been developed. The elaborated mathematical tool consists of sorting the urban area into 
connected territorial units characterized by an energy demand and a potential energy generation. The 
procedure is tested for a speculative territory in order to determine the optimal energy flows occurring in the 
obtained urban energy network. Thus, the constructed model amounts to be a useful tool for the definition of 
urban energy action plans centered on the exploitation of renewable sources and on the installation of energy 
efficient systems. 
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2. MODEL DESCRIPTION 

The matching of energy demands and energy generation of 
consumers at a neighborhood scale is evaluated in this section 
by introducing a mathematical model based on the complex 
network theory. 

Networks are constituted by nodes and links. In the context 
of an urban energy networks, nodes stand for consumers with 
a given energy demand and the potential to install renewable 
energy sources for the autonomous production of energy. In 
this sense, consumers use the generated energy primarily for 
the satisfaction of their own energy demand and, then, 
distribute the energy exceed to their neighbors. The links of 
the networks represent the connections for the exchange of 
energy. 

More in detail, N nodes are distributed on the space. Each 
node i, for i=1,…,N, is characterized by an energy demand Di 
and a potential energy generation Gi. Links are established 
according to a neighborhood criterion, for which two nodes 
may exchange energy if their distance d is under a given 
threshold. This hypothesis derives from the guideline of the 
Italian Regulation [5]. Besides the potential connections with 
the neighbors, each node has a further connection with the 
power station, hereinafter called central node.  

All interactions are described in a (N+1) x (N+1) matrix, 
called the adjacency matrix A. The elements aij represent the 
connection between node i and node j, being i, j = 1, … ,N+1 
with i ≠ j. If aij = 1 there is a link between node i and node j; 
otherwise, if aij = 0 no link exists between node i and node j.  
No interactions can take place between a node and itself; this 
condition is expressed by setting zeros in the diagonal of the 
adjacency matrix A. 

Once the topology of the energy connections among nodes 
is defined, the model takes into account the evaluation of the 
energy status of each node. In order to do this, a surplus 
parameter Si = Gi - Di is introduced.  

Three main conditions can occur:  
- a node has a positive energy surplus and is therefore 

able to distribute its energy exceed to the neighbors;  
- a node has a negative energy surplus and needs to 

receive energy from its neighbors or eventually from 
the central node; 

- a node has totally fulfilled its energy demands and has 
no energy exceed to distribute.  

The sign of the surplus parameters specifies the direction 
of the energy flows within the urban energy network. In fact, 
all energy exchange may take place only from a node with a 
positive energy surplus to a node with a negative energy 
surplus. The elements if the adjacency matrix are updated 
according to the sign of the surpluses. More specifically, aij = 
1 if the energy exchange takes place from node i and node j; 
aij = - 1 if the energy exchange follows the direction from 
node i and node j. Finally, aij = 0 if no exchange occurs. 
Regarding the central node, it has a nil energy demand and its 
energy generation is equal to the residual energy demand that 
is not covered from the energy distribution deriving from the 
production of the nodes.  

The optimization problem can be formulated as finding the 
optimal energy flows among nodes by minimizing the energy 
output deriving from the central node.  

In order to determine the energy flows Xij occurring 
between two nodes i and j, the problem is formulated as a 
linear programming problem.  Each node of the network has 
to respect the following energy balance. 
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The objective function of the model minimizes all energy 
flows exiting from the central node, thus avoiding any energy 
exchange between the central node and a node with a positive 
surplus. It is expressed as follows. 
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The constrain of the model impose that all energy flows are 
non-negative. 

0ijX                                                                                  (3) 

    After the calculation of the energy flows exchanged 
between nodes, the study aims to evaluate the exploitation of 
the urban energy network for the energy distribution. For this 
purpose, the starting topology of the urban energy network, 
for which the connections between two nodes were 
established on the ground of a neighborhood criterion, is 
compared with the optimized topology characterized by the 
links effectively used for the energy exchanges. 

In order to quantify this exploitation, a network index is 
introduced and is defined as follows. 
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The index IN varies within the interval 0 < IN < 1. 
Particularly, IN = 0 means that none of the links of the starting 
topology are used for the energy distribution. On the other 
side, IN = 1 correspond to the exploitation of all links. 
Obviously, the larger is IN, the more exploited are the 
connections among nodes. 

3. RESULTS AND DISCUSSION 

The results of the application of the described methodology 
are given and discussed in this section. 

Two main questions are followed; on one side to determine 
the optimal exploitation of the urban energy network by 
varying the energy generation and, on the other side to 
investigate if the distance of connection between two nodes 
influences the results. 

For the present study, the urban energy network is applied 
on a speculative territory. The chosen territory consists of 
N=500 nodes distributed within an area of 1000 m2 and 
connected with the power station as shown in Figure 1. Nodes 
are represented as blue stars, the power station is arranged in 
the bottom left of the figure and its connections with each 
node are highlighted through green links. 

Each node of the network has an energy demand Di and an 
energy generation Gi. The energy demand Di varies within the 
interval [2 MWh, 7 MWh] according to a random uniform 
distribution. The energy generation Gi is expressed as a 
percentage of the total energy demand of the network, i.e. 
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Figure 1. Nodes of the chosen territory and their connections 
to the power station 

Figure 2 shows the urban energy networks for different 
values of distance d of connection. By increasing the distance 
of connections, the number of links increase because of a 
more widespread neighborhood. In the figure, red links stand 
for the connections among nodes. 

The urban energy networks in Figure 2 represents the 
starting point for the implementation of the model. As before 
stated, the aim of the optimization is to minimize the energy 
flows exiting from the central node. Once the urban energy 
network is solved, the model maintains only those links for 
which any energy exchange takes place.  

 

 
(a) 

 

 
(b) 

 
(c) 

 
Figure 2. (a) Urban energy network for a distance of 30 m; 
(b) Urban energy network for a distance of 50 m; (c) Urban 

energy network for a distance of 70 m 

In order to evaluate if the number of links in the optimal 
urban energy networks differ from the number of links in the 
initial patterns of Figure 2, the network index IN is calculated. 
The results are shown in Figure 3. 

 

Figure 3. Network index by varying the percentage of the 
energy generation at given distances 

The results show that the network index increases linearly 
until the 80% of the energy generation, for which its value is 
approximately IN  = 0,46 for the three distances. This 
conditions means that the number of links effectively 
exploited for the exchange of energy is around the 46% of all 
feasible connections deriving from the neighborhood criterion. 
Beyond this value, the integration of renewable sources on 
the territory does not guarantee that the number of exploited 
connections increases. This is due to the fact that locally 
demands and generations mismatch and the supply of energy 
still depends from the central node.  

Moreover, the results are not sensitive to the distance d. In 
fact, by varying the distance of connection among nodes, the 
number of exploited connections is proportionally the same.  

As example, the optimal urban energy networks 
corresponding to the 80% of energy generation are exposed 
in Figure 4.  
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Figure 4. (a) Optimized urban energy network for a distance 
of 30 m; (b) Optimized urban energy network for a distance 
of 50 m; (c) Optimized urban energy network for a distance 

of 70 m 

As can be seen from Figure 4 and in comparison with 
Figure 2, the number of links decreases for each urban energy 
network. Instead, some of the connections with the power 
station are still required for the satisfaction of the energy 
demand of the network.   

4. CONCLUSION  

In this paper a new mathematical model based on the 
complex network theory and its application are introduced for 
the analysis of the energy distribution in urban areas. 
Consumers are characterized as nodes by a particular energy 
profile, i.e. with an energy demand and a potential energy 
generation. Nodes connect according to a spatial criterion and 

the established interactions are represented as links. The 
mathematical procedure is formulated as a linear 
programming problem and has the main objective to 
maximize the energy exchange occurring between 
autonomous consumers that have installed distributed energy 
systems.  

The model has been tested for a hypothesized territory of 
1000 m2 with a homogeneous distribution of consumers. In 
particular, the study has focuses on the determination of the 
optimal exploitation of the urban energy network by varying 
the energy generation and on the investigation of the 
influence of the distance d of connection between two nodes.  

The results permit to conclude that at most only the 46% of 
all feasible links of the urban energy network are effectively 
exploited for the exchange of energy. This result occurs in 
correspondence of an amount of generation corresponding to 
the 80% of the total energy demand of the network.  

In addition, the results are not sensitive to the distance of 
connection. Further consideration may include in the study a 
cost analysis of the energy distribution within the urban 
energy network. 
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NOMENCLATURE 

 
N number of nodes 
Di energy demand of each node i [MWh] 
Gi energy generation of each node i [MWh] 
d distance of connection between two nodes 

of the network [m] 

A adjacency matrix of the network 
aij elements of the adjacency matrix  
Si energy surplus that characterize each node 

i 
Xij energy flow exchanged between node i and 

node j 
IN network index 
linksexploited number of links that are effectively 

exploited for the energy distribution on the 
urban energy network 

linksneighborhood number of links of the starting urban 
energy network and defined through the 
neighborhood criterion 
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