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ABSTRACT
According to standards, a fundamental gear design parameter, which heavily influences the sizing of 
these mechanical components, is the gear tooth root bending strength. To establish this parameter in a 
reliable way, tests should be performed on running gears (RG) manufactured with the same material 
and heat treatments under investigation. However, it is common practice in industry and in academia 
to perform single tooth bending fatigue (STBF) tests, which, on the one hand, are simpler and cheaper 
to perform, on the other hand, the stress history (�� t� �) they induce is not identical to that obtained 
during RG meshing. Therefore, it is necessary to apply a correction coefficient (fkorr) to translate 
data obtained via STBF in RG design data. In recent studies, a method to estimate fkorr through the 
combination of finite element (FE) simulations and the implementation of multiaxial fatigue criteria 
(MFC) based on the critical plane concept has been proposed. This method consists of simulating 
through FE a gear geometry both in the RG load case and in the equivalent STBF condition. Through 
the load histories recorded on the nodes belonging to the critical area, it is possible, by implement-
ing different MFC, to identify the most critical node and the relative Damage Parameter (DP). The 
ratio between the obtained critical DP of the STBF case and RG provides the value of fkorr. However, 
different MFC can lead to different results in terms of fkorr. This is because different MFC differs in 
the definition of the DP. More specifically, DPs are both functions of material properties, such as the 
fatigue limit of the material related to symmetric sinusoidal bending stresses (σf ) and the fatigue limit 
at sinusoidal cyclic torsional stresses (τf ), and load-dependent characteristics. The goal of this paper 
is to investigate the effect of different material properties, i.e. σf  and τf   , on the estimation of fkorr 
highlighting differences between the various MFC implemented, i.e. Findley, Matake, Papadopou-
los, and Susmel et al. To this respect, the above-mentioned numerical method has been applied to a 
specific gear geometry whose material properties have been systematically varied. Results show that 
the criteria of Findley and Papadopoulus lead to very similar results and a monotonically increasing 
relationship between fkorr and τf  /σf  . A similar trend is observed for the Susmel et al. criterion but with 
higher value of fkorr Differently, the criterion of Matake leads to a monotonic decreasing relationship 
between fkorr and τf  /σf  .
Keywords: Critical plane, FEM, gears, material characterization, multiaxial fatigue, STBF.

1 INTRODUCTION
Gears are undoubtedly the most common solution to transfer mechanical power between 
different shafts, and their failure could lead to extraordinary maintenance operations and/or 
to damages with disastrous consequences [1]. To this respect, gears are potentially affected to 
several failure modes [2]. For example, an elevated pressure due to the meshing contact and/
or an inadequate lubrication could lead to failure phenomena such as pitting [3], wear [4], 
scuffing [5], and micro pitting [6]. In addition, the fatigue load of the meshing teeth boosts 
the nucleation and the propagation of defects in the tooth radius region that, in turn, lead to 
complete tooth breakage [7–10]. This latter failure mode is called tooth root bending fatigue 
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(TBF); as it can be easily inferred, it is the most dangerous failure mode that could occur in 
a gear transmission [7–10]. For this reason, TBF strength has to be achieved as a priority in 
gear design [10].

To this respect, ISO 6336-3 [11] and ANSI/AGMA 2001 [12] are the two main stand-
ards in which a method to overcome TBF is proposed. According to the above-mentioned 
standards, for establishing the load carrying capacity of a gear, it is possible to compare 
the effective stress acting on the tooth root σF and the permissible one σFP. Moreover, 
ISO 6336-3 method B [11] states that σFP is directly proportional to admissible material 
strength σFlim. For new materials, the latter parameter is usually established through exper-
imental tests, i.e. running gears (RG) tests [10, 13] or single tooth bending fatigue (STBF) 
tests [14–17].

Through RG tests, the effective state of stress – stress history (�� t� �) – that is acting on the 
gear teeth can be reproduced [10, 18]. This permits the exact estimation of σFlim [19]. In RG 
tests, the specimen is a gear manufactured with the material, heat treatments, and machining 
procedure to be investigated [10, 18]. It engages with one or more other gears that provide 
a specific torque under an appropriate lubrication condition. The end of the tests consists of 
the failure of the specimens (i.e. propagation of a crack in the tooth root region) and the over-
coming of the run-out condition [10]. Acquiring additional failure values requires the use of 
another specimen. This, together with the need to have a test rig dedicated to these types of 
tests, makes RG tests very expensive and complex [15].

To simplify testing and reduce costs for obtaining representative fatigue values of σFlim, it 
is possible to perform STBF tests. As for RG tests, also in STBF tests, the specimen consists 
of a gear manufactured with the material to be tested having the specific characteristics to be 
investigated, i.e. heat treatment, machining procedure, etc. However, in STBF tests, multiple 
measurements can be performed on the same gear, and a common fatigue machine equipped 
with specific (but cost-effective) equipment can be exploited [20, 21]. Indeed, during STBF 
tests, the specimen is not rotating but only two teeth are loaded through two anvils without 
any lubrication. Therefore, the tooth breakage allows the same specimen to be used for fur-
ther measurements.

In STBF tests, two anvils with parallel faces load the two teeth flanks that satisfy the 
Wildhaber property [1]. In this way, a pulsating force can be applied to the above-mentioned 
teeth, and the forces result in perfectly normalized flanks for the teeth and tangent to the 
base circle of the specimen [17]. However, the �� t� � that STBF tests induce on the tooth root 
region is slightly different to those induced through RG tests, and, therefore, the evaluation 
of σFlim through STBF tests is inaccurate. In particular, STBF tests tend to overestimate the 
value of σFlim [22, 23]. As mentioned above, this fact can be explained by analyzing the 
differences between the stress histories of these two types of tests that are not considered 
by ISO 6336.

Discrepancies of �� t� � can be explained as follows: First, during pulsatory tests, in order to 
keep the specimen in the right position, a constant load is applied. A typical ratio between 
the maximum load applied and the load needed to maintain the specimen in the correct posi-
tion is defined at R = 0.1, e.g. STBF tests conducted in refs. [18, 24–28]. Naturally, this 
is not needed in normal meshing tests where R = 0, thus the effective stress acting on the 
teeth changes [13, 15, 29, 30]. Second, in STBF tests, the load is always applied in the 
same  direction; it does not change during the experiment. This fact is not true for the classic 
RG test, in which the force vector varies in both magnitude and direction. In addition, in RG 
tests, an uneven share of loads is also present due to the simultaneous engagement of multiple 
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teeth [31]. This means that the stress time history at the tooth root is not sinusoidal as in the 
STBF tests [13, 15].

To consider the above-mentioned difference, it is possible to introduce a corrective factor 
(fkorr) to translate STBF results into the RG ones [32]. The coefficient fkorr is the ratio between 
the σFlim obtained with the STBF approach and the σFlim calculated through RG tests. It has 
to be noticed that it is possible to use this correction factor only if the two tests are reproduc-
ing the same σF . In the literature, a very limited number of works in which this correction 
factor was predicted through experiments are present, e.g. Rettig [22] and Stahl [23]. Most 
of the recent literature refers to the use of numerical methods to estimate fkorr. In particular, 
numerical methods involving finite element analysis (FEA) of gears combined with multiax-
ial fatigue criteria (MFC) are usually employed.

For instance, in refs. [31, 33, 34], the scholars present innovative approaches that rely on 
the combination of FEA of gears and the Crossland fatigue criterion [35]. In ref. [36], the 
FEA results of a gear have been analyzed with the Liu & Mahadevan fatigue criterion [37]. 
In refs. [20, 21], the FEA results of different gears have been processed with the Findley’s 
criterion [38] to estimate fkorr. With the same goal as in ref. [39], the FEA of a gear has been 
combined with the criteria of Findley [38], Matake [40], McDiarmid [41], Papadopoulos 
[42], and Susmel et al. [43]. In ref. [44], experimental results obtained with STBF tests have 
been compared with the numerical results achieved with the combination of FEA and various 
fatigue criteria based on the critical plane concept [45]. STBF numerical results have also 
been investigated in ref. [46] where different critical plane criteria have been applied to FEA 
of gears.

However, the characterization of a new material (σFlim) by numerical estimation of fkorr 
combined with STBF experimental testing requires additional experimental tests for proper 
application [45]. Indeed, to be properly implemented, all MFCs necessitate the knowledge 
of at least two fundamental characteristics of the studied material, i.e. the fatigue limit of the 
material related to symmetric sinusoidal bending stresses (σf) and the fatigue limit at sinu-
soidal cyclic torsional stresses (τf). Therefore, the purpose of this paper is to understand how 
variations in τf and σf values could affect fkorr for different MFC.

In this respect, in Section 2, the numerical method to elaborate �� t� � through different MFC 

(starting from the knowledge of τf and σf) is presented. In Section 3, the FEAs carried out, 

the framework exploited to translate �� t� � on each nodes to fkorr, and the strategy adopted for 
the systematic variation of τf and σf , are presented. In Section 4, results are presented and 
discussed. In Section 5, conclusions are provided.

2 BACKGROUND
In this paper, MFC that relies on critical plane concept are exploited. Therefore, in this par-
agraph, a brief introduction of the most important MFC based on the critical plane concept 
(i.e. Findley [38], Matake [40], Papadopoulos [42], and Susmel et al. [43]) is presented. 
 Considering the stress tensor �� t� � (stress history) for a determined point in a specific time 
interval T (Equation 1), it is possible to use eqn 2 for computing the maximum octahedral 
stress σh,max. Considering eqn 3, I  is the identity matrix and ����  is the vector that, at a certain 
time t, contains the principal stresses that satisfy the relation reported in eqn 3.

Moreover, considering a plane that is described by a generic normal vector n(� �n n, ) , it is 
possible, using eqn 4, to compute the stress vector Pn that is acting on that plane. The stress 
vector Pn is time-dependent, which means that both its direction and modulus may change 
during a defined time interval (Fig. 1a). This vector can be divided into two components; a 
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normal component σσn  (eqn 5) and a tangential component ττn (eqn 6). The normal compo-
nent σσn  has a fixed direction and the module is variable during time, while the tangential 
component ττn is completely time-dependent in terms of modulus and direction. In addition, 
the tangential component can also be divided into two directions, namely, u and v (eqn 6) 
(Fig. 1b). Where n, u, v are defined in eqn 7.
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In the case of stresses that are cyclic or, in other words, periodic, the stress vector Pn, 
if watched in three dimensions, creates a curve that closes on itself and, by projection, ττn  
describes a closed loop in the plane. This curve is called Γn (Fig. 1b). The normal component 
of the stress vector σσn , during a certain time period T, assumes different values from a mini-
mum σn,min to a maximum σn,max (Fig. 1b). Thus, thanks to eqn 8, it is possible to evaluate the 
cyclic stress that is acting on the plane σn,a that has a normal vector n.

 
� � �� �n a T T n max n mint t, , ,max min� � �� �� � �� � � �n n

 (8)

Considering the plane defined by the normal vector n and the load history (stress cycle), 
it is possible to find, through the curve Γn, the components of tangential stresses. In the lit-
erature, there are several works in which different approaches for translating the curve Γn 
into a cyclic value of tangential stress τn,a are presented. The most commonly used method 
is the minimum circumscribed circle (MCC) (eqn 9) [47]; with this approach, the alternate 
tangential stress τn,a is calculated as the radius of the smallest circle that comprehends the 
whole curve Γn (Fig. 2).
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� �n a TMCC t, � � �� �n

 (9)

As before mentioned, considering a plane that has a normal vector n that can be defined 
by φn and θn, it is possible to compute the stress parameters τn,a, σn,max, and σn,a. Moreo-
ver, it is possible to transform these parameters into spherical coordinates. In this work, 
these parameters are presented with the subscript c ( , , , , ), , ,� � � � �c c c a c max c aand  when the 
plane n coincides with the critical plane. The methods used to define when this happens are 
explained below.

Considering each MFC, based on the critical plane, it is possible to compute the damage 
parameter (DP) by using eqn 10. In which, S is the variable that represents the normal com-
ponent of stress that is acting on the critical plane, and k is a constant factor that depends on 
material specifications. These two factors can change according to the fatigue criteria that are 
used. Considering the different MFC, in eqns 11, 12, 13, and 14 are presented the approaches 
used for computing k and S parameters. It is interesting to notice that all the k parameters 
are functions of σf and τf. Indeed, its ratio is represented in the formulae through rτ/σ that is 
defined by eqn 15. With respect to the variable S, it is interesting to notice that the Papado-
poulos criterion takes into account the max octahedral stress σh,max, while the others consider 
stresses that are connected to the critical plane, such as σc,max for the Findley criterion, σc,a 
for the Matake criterion, and σc,max /τc,a in Susmel et al. criterion.

 DP kSc a� �� ,  (10)

Figure 1: (a) Components of Pn � �n n t, ,� �  on the plane n(� �n n, )  and (b) definition of the 
curve Γn.

Figure 2: Minimum circumscribed circle (MCC) method.
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For the identification of the critical plane (� �c c, ), the Findley criterion asserts that the crit-
ical plane is the one in which the DP assumes its maximum value (eqn 16). On the contrary, 
the other MFC agree in defining the critical plane as the plane in which the tangential stress 
component τc,a reaches its maximum value (eqn 18). For this reason, by applying the Findley 
criterion, it is possible to obtain critical planes with a different orientation than the critical 
planes obtained by implementing the other criteria.

 
� � � � � � �� �C C n a kS, , ,, ,� � � � � � � �� �max  (16)
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3 MATERIAL AND METHOD

3.1 Presentation of the general approach

In the presented work, two different analyses (RG and STBF) were performed through 
numerical techniques on the same gear geometry. For each simulation, considering ref. [11], 
the result was the same σFlim. Thanks to this numerical approach, it is possible to compute the 
stress tensor �� t� � in the critical region (tooth root). In other words, it is possible to extrapolate 
the stress history of the studied gear on each of the N nodes that belong to the tooth root fillet 
(in which failure may occur). Consequently, if a fatigue criterion is used for investigating the 
stress history, it is possible to:

1. Individuate the critical plane for each point ( )( )� �c c N .
2. Evaluate the DP in each critical plane (eqn 10 applied on each node).
3. Identify the critical point in which the damage parameter assumes the maximum value 

max ( ),N c a kS� �� �� � .
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This procedure can be used both for RG and STBF analyses. As mentioned in the previous 
paragraphs, the fkorr factor can be defined as the ratio between the maximum DP of the STBF 
condition and the RG one. This factor takes into consideration the different aspects that may 
cause rupture for tooth bending failure (eqn 18). The overall approach can be carried out by 
applying different MFCs. The FEA and how the previously mentioned criteria were imple-
mented in this work are the future objects of the next sections.
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The above-mentioned procedure can be repeated, varying the parameters σf and τf . Indeed, 
�� t� � obtained with FEA of gears set with typical isotropic steel properties, i.e. a Young mod-
ulus equal to 205 GPa and a Poisson’s ratio of 0.3, can be processed with any value of σf and 
τf . In this way, it is possible to investigate the relationship between fkorr and material-related 
parameters. More specifically, to explore plausible ranges of combinations of σf and τf , it is 
more useful to consider σf and rτ/σ. More specifically, considering a wide spectrum of mate-
rials, as reported in ref. [48], it is possible to range from rτ/σ = 0.5 (for NiCrMo steel, 75–80 
tons) to rτ/σ = 0.95 (for nodular cast iron). With respect to σf , it is possible to range from σf = 
150 MPa (for NiCr cast iron) to σf = 1500 MPa (for VAR 9310). Moreover, the results of the 
implementation of the MFC of Susmel et al. are dependent on both σf and τf ; the other MFCs 
are functions solely of rτ/σ.

3.2 Finite element analysis

In this research, the same gear geometry presented in ref. [33] has been simulated in both 
the STBF and RG conditions. The geometry was created through KISSsoft® having the 
parameters listed in Table 1. The geometrical model was imported in the open-source FE 
software Salome-Meca/Code_Aster in which the two different tests (RG and STBF) were 
simulated.

Table 1: Geometrical parameter of the simulated gear according to ref. [33].

Description Symbol Unit Value

Normal module mn [mm] 4

Normal pressure angle αn [°] 20

Number of teeth z [-] 28

Face width b [mm] 30

Profile shift coefficient x [-] 0

Dedendum coefficient hfP
* [-] 1.25

Root radius factor ρ fP
* [-] 0.38

Addendum coefficient haP
* [-] 1
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To reduce the computational effort of the simulations, some simplifications in the numeri-
cal model were made. In particular, considering the STBF test, only a quarter of each gear was 
modeled, and it is possible to use such simplification exploiting symmetries of the inspected 
gears. Moving to the RG analysis, due to the fact that the gears are meshing, it was possible 
to simulate only one half of the gears (the gear was modelled for half of the width). For each 
geometry, an extruded mesh was created, and particular attention was given to the teeth on 
which the contact occurs. In such regions, an improved mesh using hexahedrons was created 
(Fig. 3). Non-linear simulations have been carried out, setting 40 time-steps (along the period 
T) for the loading cycle. It is important to notice that the nonlinearity of the simulation is due 
to the contact and not to the property of the material.

In Fig. 1a and 1b, it is possible to see the models that have been developed for the RG 
and STBF simulations. In the meshing model (RG), the two gears were fixed on their axis 
and positioned at an appropriate center distance. In addition, the rotation was imposed on 
the driving gear while a resistant torque was assigned to the driven one. In the pulsatory test 
(STBF), a cyclic force with R = 0.1 was applied to the anvil, and as explained in the previous 
paragraph, the radial symmetry was used. According to the international standard ISO 6336-3 
[11], the resistant torque applied in the RG simulation produced a stress σF that was equal to 

Figure 3: Finite element models of RG (a) and STBF (b) tests.
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the one set in the pulsatory model. The same steel properties have been assigned to the two 
models thanks to a proper code. After simulations ran, the stress tensor �� t� � was extracted in 
the analysis region (tooth root fillet).

Numerical analysis were performed in the elastic field of the material, therefore, it was 
possible, just running two simulations (one STBF and one RG), to evaluate rapidly different 
materials with the same elastic module E. In fact, in this work, 2025 different combinations 
of σf and τf are reproduced, i.e. 45 values equally distributed between σf  = 150 MPa and 
σf =1500 MPa × 45 values equally distributed between rτ/σ = 0.5 and rτ/σ = 0.95. The fkorr 
(according to the different MFC and different materials) have been calculated following the 
workflow presented in the previous section.

4 RESULTS AND DISCUSSION
The main results are presented in Fig. 4. In the figure, the different values of fkorr computed 
for different MFC (in different colors) and for different material properties, i.e. σf and rτ/σ 
(and consequently τf), are reported according to ref. [48]. In addition, some typical materials 
for gear manufacturing are reported in the figure, i.e.

•  18NiCrMo5 (rτ/σ = 0.51, σf = 660);

 • 31CrMo12 (rτ/σ = 0.58, σf = 628);

 • 42CrMoS4 (rτ/σ = 0.64, σf = 526);

 • 39NiCrMo3 (rτ/σ = 0.72, σf = 367);

 • C34N (rτ/σ = 0.79, σf = 190);

•  Inoculated cast iron (rτ/σ = 0.88, σf = 178).

Figure 4: Effect of material properties on fkorr for different multiaxial fatigue criteria.
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It is interesting to notice that all the criteria agree for the value of rτ/σ = 0.5 to fkorr = 0.79. 
This can be explained by the fact that all MFC agree to zeroing the k value (eqn 10) when 
rτ/σ = 0.5. Therefore, for rτ/σ = 0.5, the DP is due solely to τc,a for all the MFC.

It is possible to notice that the Susmel et al. criterion (in cyan) proposes multiple solutions 
of fkorr for the same rτ/σ. More specifically, at the same rτ/σ, the value of fkorr increases as σf 
increases, and this effect is less marked for high rτ/σ values. The other MFCs, as expected, 
turn out to be functions of rτ/σ only. The values of fkorr calculated implementing the Susmel 
et al. criterion are always higher than the values proposed by the other criteria. Moreover, 
the MFC of Susmel et al. tend to exceed fkorr = 1 for relatively high rτ/σ (and/or σf) values. 
This means that, in agreement with this MFC, for some rτ/σ conditions, the �� t� � induced in 
the STBF loading condition could be more severe than that of �� t� � induced in the RG loading 
condition. On the contrary, the other MFCs always propose fkorr < 0.95.

It can be easily observed how the results of fkorr obtained with the implementation of 
Findley (red in Fig. 4) and Papadopoulos (in blue) criteria are very similar in trend (mono-
tone increasing with rτ/σ) and in values. More specifically, it can be observed that for 
the value of rτ/σ = 0.76, the two criteria lead to the same value of fkorr = 0.88. For rτ/σ = 
0.76, Findley’s criterion leads to slightly higher fkorr results, while the opposite occurs for  
rτ/σ = 0.76 values.

The Matake criterion (green in Fig. 4) shows a monotonically decreasing trend of fkorr with 
respect to rτ/σ. This is the only criterion that shows such a trend. In addition, this criterion shows 
the least variability (with respect to the other criteria) of fkorr as rτ/σ varies. Therefore, Matake’s 
criterion results are the most cautionary of the MFC, ranging from a fkorr = 0.75 to fkorr = 0.79.

5 CONCLUSIONS
In this work, a method for calculating the coefficient fkorr, according to different MFC (i.e. 
Findley, Matake, Papadopoulos, and Susmel et al.), is presented. This coefficient permits 
to exploit results obtained from the STBF tests for the gear design phase. In the proposed 
method, results of FEA were analyzed exploiting different critical plane-based MFC. Data 
required for applying this approach are τf and σf  , which depend on material properties that 
have been varied systematically to simulate a wide range of possible materials for gear manu-
facturing, i.e. σf =150 – 1500 MPa (each 30 MPa) and rτ/σ = τf/σf = 0.5–0.95 (each 0.01). This 
approach was applied to a specific gear geometry exploited in previous studies by the authors’ 
research group. The results, in terms of the effect of τf and σf on fkorr as the MFC varies, show 
the following relationships:

•  All MFC agree that when rτ/σ = 0.5 then fkorr = 0.79;

 • All MFC show a monotonic crescent relationship of fkorr with τf / σf except for the Matake 
criterion, which, in turn, has the least variability of fkorr. The values it assumes are always 
below 0.79, and, therefore, it reveals to be the most conservative criterion;

 • The criterion of Susmel et al. is the only one that is not a function of rτ/σ only and leads to 
values of fkorr higher than all other criteria (also above the unity). Therefore, this classifies 
it as the least conservative criterion;

•  The criteria of Findley and Papadopoulos lead to very similar values of fkorr, which are 
around those also observed experimentally.

However, these results were obtained by simulating a single gear geometry. Future studies 
should aim to study the effect of geometry on these outcomes. Moreover, another aspect 
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worth to investigating is the non-continuity points of the fkorr (σf , rτ/σ) functions. Future stud-
ies would investigate whether the critical node for RG and STBF testing is the same or 
whether the shift of the critical point toward the tooth flank (or tooth root) can be identified 
as a function of material properties and/or type of test.
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