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ABSTRACT
The present study shows new results from the recently proposed method for numerical simulations of the 
spray break-up of cavitating liquid jets. A three-component system consisting of liquid, vapor and gas 
is applied for the volume-of-fluid simulation of the liquid disintegration in order to track the liquid–gas 
interface. To keep the numerical effort moderate, the liquid–vapor interface is not resolved by the compu-
tational grid, there mass and momentum transfer are described within the Eulerian-Eulerian framework. 
The numerical method is applied on a simplified injector-like geometry from the literature operated with 
gasoline at low pressure difference. For quantification of the detached spray ligaments, a new evaluation 
algorithm has been developed and implemented into the applied CFD code. It scans the liquid volume 
fraction field for separated ligaments, and determines their position, size and velocity. Additionally the liga-
ment extensions along the principal axes of inertia are determined in order to evaluate the non-sphericity of 
each ligament after break-up. The presented simulation technique allows detailed numerical investigations 
of the spray formation process on the micro-scale by taking into account nozzle cavitation, turbulence and 
aerodynamic forces.
Keywords: cavitation, droplet size distribution, liquid disintegration, non-spherical droplets, spray 
break-up, surface-tracking, volume-of-fluid

1 INTRODUCTION
The liquid disintegration during the spray formation process is mainly driven by three effects: 
nozzle turbulence, aerodynamic interaction and when the minimum pressure falls below the 
saturation pressure, cavitation. While the first two effects are commonly described in numeri-
cal simulations with surface-capturing methods, e.g. [1–3] and several others, the latter effect 
– cavitation – is often omitted. The reason for this can be found in the increased physical 
modelling effort. Beside of the phases for liquid and ambient gas, there is need for describing 
the vapor phase. Furthermore, the vapor bubbles produced by cavitation are in general smaller 
than the liquid ligaments produced by the primary atomization process. Surface-capturing 
methods for resolving every single vapor bubble would be computationally too expensive. The 
method presented here overcomes this problem by modelling the liquid–vapor interface within 
the Eulerian–Eulerian framework, while the liquid-gas interface is described by the volume-
of-fluid (VOF) method.

Only few numerical studies of the liquid break-up with surface-capturing methods by tak-
ing into account cavitating nozzle flow have been published in the literature. A pioneer work 
is reported by Ishimoto et al. [4], who applied VOF and Large Eddy Simulation (LES) for a 
simplified industrial gasoline injector with cavitation in the nozzle. In this work the three 
phases, liquid, vapor and gas, are treated like two phases by considering liquid–vapor as 
cavitating mixture. The authors simulated the primary break-up for a simple nozzle segment 
with diameter D  = 226 µm. The inlet pressure was 0.444 MPa, and the extension of the sim-
ulated spray domain was approximately 9D . The homogeneous equilibrium model (HEM) 
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described by Schmidt et al. [5] was used as cavitation model. Another VOF–LES simulation 
for cavitation and atomization in gasoline injectors with three phases is reported by Lu et al. 
[6]. Also there liquid and vapor are treated as compressible single-fluid mixture. Cavitation 
was modelled by the Sauer–Schnerr model [7]. A 1/6-sector of the complete injector geometry 
has been simulated, the external domain extension was 5D . The same group published a con-
stitutive work where they additionally modelled diffusion between vapor and gas species, as 
reported by Cailloux et al. [8]. Yu et al. [9] performed numerical studies to investigate the 
effect of different cavitation models on the spray break-up during the initial stage of injection. 
The authors applied a three-phase VOF model in a high-pressure diesel injection.

The current paper presents a new application of our recently proposed method [10] for com-
bination of the Eulerian–Eulerian (EE) and the VOF methods in spray simulations with cavitating 
injector flow. The model deals with three phases, and the liquid–vapor interaction in terms of 
mass transfer and momentum drag is modelled within the EE framework. This means that the 
liquid–vapor interface is not resolved by the numerical discretization. The cavitation model is 
based on the simplified Rayleigh–Plesset equation, and the vapor phase has its own velocity 
field. The liquid–gas interface is resolved by applying the VOF method. While in Ref. [10] the 
model was validated on the well-documented water nozzle experiments from Sou et al. [11], and 
Bicer and Sou [12], the current work shows the simulation of the simplified low-pressure gaso-
line injector reported by Ishimoto et al. [4]. The presented simulation is performed on a finer 
computational grid, since the highest mesh resolution is D / 72  compared to D / 56  in Ref. [4]. 
This leads to five times more computational cells. Furthermore, a new ligament evaluation  
algorithm for quantifying non-spherical ligaments is presented.

The paper is organized as follows. After the introduction in the first section, there follows a 
brief description of the mathematical model including balance equations and the algorithm for 
ligament detection in the second section. The third sections deals with the numerical simulation 
set-up and shows the simulation results. The summary and conclusions can be found in the 
fourth section. All simulations have been performed with the CFD code AVL-FIRETM [13], 
where the presented models have been implemented by the authors.

2 MATHEMATICAL MODEL

2.1 Combination of Eulerian–Eulerian and Volume-of-fluid methods

Three phases, liquid, vapor and ambient gas, are required for the intended CFD simulation of 
cavitating nozzle flow and spray break-up. It is assumed that the vapor bubbles produced by 
cavitation exist on smaller length scales than the liquid ligaments created by spray break-up. 
As illustrated in Fig. 1, the main idea is to resolve the liquid-gas interface by applying the 
VOF method between these two phases, but to use the EE approach for modelling the inter-
face between the liquid and the vapor. In Ref. [10] it was shown that the volume fraction and 
momentum equations for EE and VOF are similar, although the volume fraction and the inter-
phase exchange terms haves different meanings. While for the EE transport equation the 
volume fraction indicates the ensemble-averaged phase indicator function and is proportional 
to the amount of the dispersed phase, the VOF volume fraction indicates the location of the 
fluid–fluid interface, as described by the following equation for phase k :
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The volume fraction transport equation of the vapor phase, marked by index v , is solved 
according to equation
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where ρ  is the density, U  is the velocity component and Γvl  is the inter-phase mass transfer 
from cavitation modelled within the EE framework. For the liquid and the gaseous phases, 
indicated by k l=  and k g= , respectively, the volume fraction transport is expressed by 
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where S
α
 is the source/sink which is zero for the gas phase and −Γvl l/r  for the liquid phase. Um  

is the mixture velocity, since liquid and gas share the same velocity field. For the momentum 
equations the considerations are similar to them of the volume fraction equations. A drag 
model describes the momentum interaction between liquid and vapor within the EE frame-
work, while the surface tension force acts at the VOF-interface between liquid and gas when 
the equation for the mixture velocity Um  is solved. Further details can be found in our previous 
publication [10].

As cavitation model, the so called ‘linear cavitation model’ is applied. It is a standard 
model of the applied CFD code [13] and based on the simplified Rayleigh–Plesset equation 
for single bubble growth. The model provides a correlation for the mass transfer within the 
EE framework, as discussed and validated by Alajbegovic et al. [14] and others [15, 16]. The 
turbulence is modelled through a LES. The applied model was proposed by Kobayashi et al. 
[17, 18], and is called Coherent Structure Model (CSM). The LES-CSM model uses a local 
turbulence coefficient, which is based on a coherent structure function. The model is robust, 
it does not need a wall damping function or additional transport equations, and it can be used 
for laminar flow.

The aim of the VOF approach is to track the liquid–gas interface. Therefore, special atten-
tion is paid on the differencing scheme of the volume fraction eqn (3). It has to ensure that 
the advected volume fraction field is bounded, monotonic and it has to maintain the sharpness 
of the interface. The applied scheme is an adapted version of the Compressive Interface Cap-
turing Scheme for Arbitrary Meshes (CICSAM), which was originally developed by Ubbink 

Figure 1: Concept for three-phases simulation by combination of Eulerian–Eulerian and 
Volume-of-Fluid approaches.
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and Issa [19]. It is based on the donor-acceptor concept by using high resolution schemes. No 
explicit geometric reconstruction of the interface is employed.

2.2 Ligament analysis and form diagram

The droplet size distribution after spray break-up is of particular interest for such kind of 
simulations. For the determination of droplet or ligament sizes an evaluation algorithm is 
applied. At selected time instants this feature scans the volume fraction field for separated 
ligaments, and calculates for each of them the ligament properties, such as center of gravity, 
volume-equivalent diameter, mean velocity, mass, volume and the ligament surface, as illus-
trated in Fig. 2 for seven pre-defined ellipsoids. This information is stored in separate output 
files, which are then used for the evaluation of the mean diameters, i.e. the Sauter mean 
diameter D32, and the droplet size distribution function.

In general the ligaments are non-spherical and have arbitrary shape. Only at the end of the 
disintegration process, when the droplets are small enough, more or less spherical droplets 
can be expected. In order to quantify non-spherical ligaments a new method is proposed here. 
Therefore, the principal axes of inertia are calculated for each individual ligament, and the 
extensions along these axes, illustrated as lx, ly  and lz  in Fig. 2, are determined for the frozen 
ligament shape at a certain time instant.

Equation (4) describes the moment of inertia tensor with respect to an arbitrary coordinate 
system ξ η ζ, ,  and point A  as point of origin according to the sketch in Fig. 3 (left). This coordi-
nate system usually represents the coordinates of the computational mesh in the CFD simulation. 
With Steiner’s theorem the moment of inertia with respect to the center of gravity S , Ixyz 0 can be 
calculated according to eqn (5), where m is the ligament mass and a, b and c are the components 
of the distance vector AS. The principal axes for inertia, x1, y1 and z1 are then obtained by solving 
the Eigenvector problem defined in eqn (6). Since tensor Ixyz 0 is symmetric, there exist three real 
Eigenvalues λ  obtained from solving the equation det Ixyz0 −( )lE , where E is the unity tensor. 
The three Eigenvectors are identical to the principal axes of inertia, the Eigenvalues represent the 
principal moments of inertia.

Once the principal axes of inertia are determined, the extensions of each ligament along 
these directions, lx , 

ly  and lz , are evaluated. By resorting the lengths so that l l lz y x≥ ≥  is 
fulfilled, calculating the ratios l ly x/  and l lz x/ , and drawing them into a diagram, one 

Figure 2: Ligament analysis from the volume fraction field of seven pre-defined ellipsoids.
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obtains the so-called form diagram proposed by Walz [20], as illustrated in Fig. 3 (right). 
Ligaments around point (1|1) have spherical shape, elongated or cigar shaped ligaments are 
located along the horizontal line l ly x/ =1, and disc shaped ligaments are located along the 
straight line described by l l l ly x z x/ /= . All other ligaments can be found in between these 
borders. The form diagram is a useful illustration for the shape of the droplet size 
distribution.
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3 NUMERICAL SIMULATION

3.1 Geometrical model and simulation set-up

The simulated case is based on the publication of Ishimoto et al. [4] showing a simplified 
gasoline injector with a short-length nozzle of L  = 60 μm and D  = 226 μm. Three phases 
have been defined, and the fluid properties are listed in Table 1. All phases are assumed to be 
incompressible and isothermal. The injection pressure is 0.444 MPa against 0.1 MPa ambient 
pressure. This leads to a cavitation number of 0.27, calculated according to equation 
σ ρa amb sat l lp p U= −( ) / ( .0 5 2). The nozzle Reynolds number is 11500 so that turbulent 
break-up can be expected. The computational mesh showing injector and spray domains, the 
locations of the boundary conditions and the dimensions is shown in Fig. 4 (left). Inlet and 
outlet pressure boundaries are located notably far away from the nozzle. At the nozzle wall 
and the upper side of the spray domain no-slip wall boundary conditions are set. In order to 
keep the total number of cells moderate, several refinement regions have been applied, as 

Figure 3: Coordinate system of the ligament (left) and form diagram from Walz [20] (right).
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shown in Fig. 4 (right). The smallest cells have a size of 3.125 µm and are located in injector 
region I and inner spray region II. Relative to the nozzle diameter this corresponds to a reso-
lution of D / 72. Towards the outlet pressure boundaries four refinement levels shaped as 
interlacing cones from region II to V have been created. Primary break-up is assumed to be 
finished within the regions with the highest mesh resolution, i.e. regions II and III. The total 
number of cells is 16.3 million.

The balance equations for volume fraction, velocity and continuity were solved numeri-
cally by using the CFD code AVL FIRETM which applies a cell-centered finite volume 
approach. The cell gradients were calculated by using a linear least-square approach. The 
convection is solved by a variety of differencing schemes, namely SMART-bounded [13, 21] 
for the momentum equation, central differencing (CD) for the continuity equation, CICSAM 
for the volume fraction equations of liquid and gas, and upwind for the volume fraction equa-
tion of the vapor phase. The time derivative in the balance equations are discretized by the 
second-order accurate Crank-Nicolson method for the volume fraction equations of liquid 
and gas, and by the implicit first-order accurate two-level Euler scheme for the other equa-
tions. Coupling between pressure and velocity is performed by the segregated SIMPLE-like 
algorithm, as discussed in Ref. [22, 23] and others. The pressure is assumed to be equal for 
all phases. An automatic time step algorithm ensures that the CFL number does not exceed 
the value of 0.4. At initialization the flow field stays at rest, the pressure field is obtained from 

Table 1: Fluid properties.

Fluid Liquid Vapor Air

Density [kg/m3] 732 4.62 1.134
Dynamic viscosity [Pa·s] 0.442·10-3 6.2·10-6 1.51·10-5

Surface tension [N/m] 0.0198

Saturation pressure [Pa] 6155

Figure 4: Computational mesh with refinement regions and applied boundary conditions. All 
dimensions in mm.
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the solution of the potential flow equation. The nozzle is initialized with pure liquid, the spray 
domain with air.

3.2 Simulation results

This section shows selected results from the simulation. A physical time of 1 ms has been 
simulated on a Linux cluster (Intel® Xeon® CPU E5-2670 0 @ 2.6 GHz) with 90 cores. The 
elapsed wall-clock time was 16 days. Figure 5 shows instantaneous flow field results for liq-
uid volume fraction, velocity and pressure in a center plane cut through the nozzle and 
injector axes at 1 ms. In the volume fraction plot, it can be seen that the liquid-air interface is 
sharp, and that the length of the liquid core is short. After the distance of approximately three 
to six times the nozzle diameter, the liquid core is fully disintegrated. Air is sucked back into 
the nozzle hole and reaches the upper right edge of the nozzle entrance. This creates an asym-
metric inflow and leads to the obvious spray deflection from the vertical nozzle axis. Since 
the nozzle length is very short, L D/  is only 0.26, the deflected flow direction reaches the 
nozzle exit and causes the observed spray pattern. The velocity plot in Fig. 5 shows a partially 
turbulent flow field in the nozzle. While the inflow into the injector is laminar, the transition 
to turbulent flow takes place downstream the edge of the nozzle entrance where an unstable 
shear layer is formed. Furthermore, there is a dead volume in the injector located on the left-
hand side of the nozzle axis. The highly fluctuating velocity field there is the origin of 
turbulence fluctuations. They enter the nozzle and have significant impact on the cavitation 
inception and the subsequent spray disintegration. The pressure plot in Fig. 5 (right) is scaled 
within a tight range in order to visualize the turbulent pressure fluctuations in the spray 
domain. In regions where the pressure falls below the saturation pressure, cavitation occurs.

Figure 6 shows the iso-surfaces of the liquid (blue) and vapor (red) volume fraction at 
certain time instants in a three-dimensional view. After approximately 0.4 ms the spray 
reaches a quasi-steady state. During the initial period of injection the liquid forms the well-
known mushroom visible at 0.1 and 0.2 ms after start of injection. The rim of the mushroom 
further disintegrates into relatively large ligaments which move with low velocity through the 
spray domain. Most of them leave the domain or reunite with the liquid core, but some liga-
ments impinge later on the upper wall and remain there. At 0.2 ms a fan-shaped liquid core is 
visible. But owing to its instability, it disintegrates into much smaller ligaments. The red 
surfaces in the nozzle region at 0.2 and 0.4 ms indicate cavitation. After approximately 0.4 
ms a developed spray is visible. This means the plots at 0.4, 0.85 and 1 ms show similarities, 
although the fully transient behavior of the break-up leads to remarkable differences in the 
liquid core length, the spray angle and the occurrence of cavitation.

Figure 5: Center cuts through the nozzle showing liquid volume fraction (left), velocity 
(middle) and pressure (right) at 1 ms.
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Figure 7 gives an insight into the highly unsteady and impressing cavitation pattern inside 
the nozzle. It shows in a closer view the vapor and liquid iso-surfaces of the volume fraction, 
velocity vector plots in a cut crossing the nozzle axis at the exit, and streamlines colored by 
the local liquid velocity. In the early stage of injection, at 0.2 and 0.275 ms, two moving 
cavitation strings are formed in the center of two vortexes where the local pressure is lower 
than the saturation pressure. The fully developed cavitation strings prance around the nozzle 
axis and attach on the upper injector wall. The downstream collapse of the cavitation zone is 
located outside the nozzle already in the spray domain. At later time instants, only one highly 
transient cavitation string is visible. Its origin strongly varies along the sharp entrance edge 
of the nozzle, as it can be seen exemplarily at 0.47 ms where the origin is located on the 

Figure 6: Volume fraction iso-surfaces for liquid (blue, α liq  = 0.5) and vapor (red, αvap = 0.2) 
showing the spray evolution at 0.1, 0.2, 0.3, 0.4, 0.85 and 1.0 ms.
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left-hand side of the nozzle axis. From time to time the string cavitation reattaches on the 
upper injector wall, collapses after a while, and is formed again in a new cycle starting from 
another, as it seems stochastically chosen, position. The plot at 1 ms shows exemplarily a 
time instant with rather weak cavitation. The cavitation is fully driven by the large scale tur-
bulent vortexes generated in the dead volume of the injector. A direct relation between 
cavitation intensity and instantaneous liquid core length could not been observed. The 
break-up intensity is rather related to the instantaneous turbulence fluctuations in and also 
downstream the nozzle.

Figure 7: Vapor and liquid volume fraction iso-surfaces (αvap = 0.2, α liq  = 0.5), velocity 
vectors in a cut crossing the nozzle axis and velocity streamlines showing the string 
cavitation at 0.2, 0.275, 0.47 and 1 ms.
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Finally, Fig. 8 shows the volume based droplet size distribution and the ligament form 
diagram for all evaluated ligaments in the time period from 0.5 to 1.0 ms where a qua-
si-steady spray pattern exists. For demonstration purposes the ligament evaluation has been 
performed over the whole spray domain and for every 50 µs. More than 145 000 particles 
have been detected during this evaluation time. The droplet size distribution was calculated 
with the volume-equivalent sphere diameter of each ligament. The obtained Sauter mean 
diameter was 33.7 µm. Since the ligament evaluation was performed over the whole domain 
and not in a further downstream region where the break-up is already completed, several 
non-spherical particles created during the initial stage of the break-up can be expected. The 
form diagram in Fig. 8 right confirms this expectation, since a strongly non-uniform particle 
shape distribution is visible. The maximum ratios of the particle lengths, l ly x/  and l lz x/ , 
reach values up to 14, which indicate thin lamellas or very streaky ligaments. If the ligament 
detection is performed in an evaluation volume further downstream, one can expect a form 
diagram with less non-spherical particles and a smaller Sauter mean diameter.

4 SUMMARY AND CONCLUSIONS
The aim of this study was to perform a further application test of the recently developed method 
for three-phase simulations of cavitating injector flow and liquid spray break-up by combina-
tion of Volume-of-fluid (VOF) and Eulerian–Eulerian (EE) methods [10]. Furthermore, a 
method for quantification of non-spherical ligaments was proposed. The test case, reported by 
[4], consists of a simplified industrial gasoline injector segment with diameter D=226 µm. The 
VOF-LES simulation shows the transient evolution of the spray pattern, and gives insight into 
the complex injector flow showing unsteady vortex formation and string cavitation. From the 
simulation results it can be concluded that LES is mandatory for resolving such highly transient 
flow phenomena contributing to the spray break-up. A direct correlation between cavitation 
intensity and break-up intensity was not observed. But the disintegration is clearly related to the 
fluctuation intensity of the turbulent eddies. For each individual ligament the extensions along 
their principal axes of inertia are determined, and the length ratios are inscribed into the so-called 
form diagram. This is a useful illustration for assessing the amount of non-spherical particles, 

Figure 8: Volume-based droplet size distribution (left) and ligament form diagram (right) for 
all evaluated ligaments between 0.5 and 1.0 ms.



324 W. Edelbauer, et al., Int. J. Comp. Meth. and Exp. Meas., Vol. 6, No. 2 (2018)

and consequently the completeness of the break-up. Comparing the cavitating three-phase 
simulation with a non-cavitating two-phase simulation, enhancing the workflow for non- 
isothermal phases, and performing further test cases with measured droplet size distribution 
are part of future investigations.
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