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An efficient Legendre-Galerkin method was applied to obtain a solution of the Maxwell 

dusty fluid flow past a changeable thickness stretching surface in porous medium. It is 

common to reduce a governing system of partial differential equations to a collection 

of ordinary differential equations using similarity transformation to obtain the 

asymptotic solutions using the Legendre-Galerkin technique. Comparison of the 

numerical results is made with previously published results under the special cases. The 

results are found to be in a good agreement. Numerical results were obtained for the 

skin-friction, velocity profiles of the fluid as well as velocity profiles of dusty particles 

for selected values of the governing parameters, such as velocity power index 𝑛, wall 

thickness α, elasticity β, fluid particle interaction βv, porosity γ, and mass concentration 

ℓ parameters. Also, the impacts of these parameter on the physical (surface heat flux 

and surface shear stress) and mechanical properties (surface cracking, strength, 

hardness, stiffness, etc.) are presented and investigated. 
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1. INTRODUCTION

Industrial applications like tap production, plastic and glass 

forming involve investigating flow across a stretching surface; 

some of these investigations focus on Newtonian fluids, while 

others look at non-Newtonian fluids. Many mathematical 

models simulate the non-Newtonian fluids in a computer 

simulation. Non-Newtonian fluid flow is more trustworthy 

from a technological standpoint than Newtonian fluid flow. 

For example, a viscoelastic non-Newtonian fluid can take on a 

variety of models, such as a third-grade model. A third-grade 

non-Newtonian fluid's shear thickening and shear thinning 

characteristics are illustrated in the study [1-3]. Hayat et al. [1] 

developed that in the effect of the chemical reaction. On the 

other hand, the impact of changeable viscosity due to 

temperature and thermal conductivity on the MHD flow past 

an extended cylinder by Salahuddin et al. [2]. In the presence 

of a magnetic field, Radi and colleagues [3] studied the 

convective flow induced by an extended sheet. 

Viscous and elastic procedures are offered by viscoelastic 

non-Newtonian fluid. The study [4-6] covers a number of 

these tactics. Using velocity slip, cross-diffusion effects were 

investigated by Baag et al. [4], Jayachandra Babu and Sandeep 

[5] presented the flow of MHD Williamson fluid through a

stretched surface of varied thickness. Unsteadiness and

micropolarity were studied by Elbashbeshy et al. [6] over a flat

extendable surface.

The study [7-16] shows that the fluid molecule connection 

has an influence on the study of dusty fluid. Researchers 

Vajravelu and Nayfeh [7] applied the hydro attractive dusty 

fluid advancement across an extended surface and found that 

molecular connection, stacking, and pull all affected the 

stream features. Dusty fluid was studied by Gireesha et al. [8] 

as it traveled across an upwards expanding surface. Extending 

the review, Gireesha et al. [9] discussed the unsteady dusty 

fluid flow across a sheet in the vicinity of a nonhomogeneous 

heat source/sink. Thoughts of the thick distribution occurred 

to Ramesh et al. [10] when they were studying a stream of 

dusty fluid.  

Using a nonhomogeneous heat source and sink, Gireesha et 

al. [11] introduced the dusty MHD flow of liquid across a tilted 

level expanding surface. An unstable dusty fluid heat transfer 

and flow across an exponentially stretched sheet exposed to 

suction were investigated numerically by Pavithra and 

Gireesha [12, 13]. In the occurrence of radiation impacts, 

Ramesh and Gireesha [14] introduced a dusty fluid flow across 

a stretched sheet. When heat generation/absorption and 

thermal radiation were present as well as an unstable mixed 

convective dusty fluid flow. Gireesha et al. [15] studied this 

flow. Using a stretched surface and heat production inside the 

porous medium, Rauta and Mishra [16] analyzed two stage 

flow. 

Countless studies have looked at the effect of nanoparticles 

on the dusty fluid. For examples, Sandeep et al. [17] studied 

the radiative flow and heat transfer of a dusty nanofluid across 

an exponentially stretched sheet in the existence of a volume 

proportion of nano particles and dust. When it comes to MHD 

flow and heat transmission, Manjunatha and Gireesha [18] 

focused on the impacts of thermal conductivity and viscosity. 

MHD nanofluid with conducting dust particles embedded in it 

was researched by Naramgari and Sulochana [19] for its 

momentum and heat transfer behavior as it passed an 

extending sheet with the existence of a volume proportion of 

dust particles. MHD flow of nanofluid toward a nonlinear 
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expandable surface with changing thickness was introduced by 

Daniel et al. [20]. Bhatti et al. [21] showed how nonlinear 

thermal radiation affects the flow of a non-Newtonian dusty 

fluid with the inclusion of a solid substance past a porous 

channel. Utilizing the radiation effect, Reddy et al. [22] 

investigate the magneto-hydrodynamic boundary layer flow of 

Williamson nanofluid with heat and mass transfer across a 

stretched sheet with changing thickness. Powell-Eyring MHD 

nanofluid flow via non-directly extending surface of 

changeable thickness was presented by Hayat et al. [23]. 

Elbashbeshy et al. [24] have studied a Maxwell dusty fluid 

flow across an extended sheet using the RKBS-45 method. 

The current research aims to investigate Elbashbeshy et al. 

[24] in the present of the porosity medium effect but using the 

effective Legendre-Galerkin technique. Legendre-Galerkin 

technique is broadly utilized in numerous applications. As of 

late, numerous analysts applied it to take care of their issues. 

Cai and Qi [25] introduced the arrangement of general 

Volterra useful necessary conditions utilizing a completely 

discrete Legendre-Galerkin technique. Klahn et al. [26] 

presented the arrangement the completely nonlinear potential 

stream issue for water waves in a solitary even measurement. 

Schmutzhard [27] concentrated on the assessment of the 

prolate spheroidal wave capacities utilizing Legendre-

Galerkin strategy. For weakly singular Fredholm integral 

equations of the second type and their accompanying 

eigenvalue issue, Panigrahi and Nelakanti [28] study 

Galerkin's technique utilizing Legendre polynomial basis 

functions. Fathy et al. [29] utilized Galerkin strategy with 

Legendre basis for tackling direct Fredholm integro-

differential. Legendre–Galerkin was presented the 

arrangement of the biharmonic conditions by Zhuang and 

Chen [30]. Sayed and Fathy [31] introduced how to obtain the 

flow of nanofluid through an upward cone. 

 
 

2. MATHEMATICAL MODELING AND GOVERNING 

EQUATIONS 

 

Consider a two-dimensional boundary layer flow of steady 

laminar Maxwell dusty fluid over a stretching surface. 𝑎 and 

𝑏  are two constants in the equation that characterize the 

surface's profile: 𝑦 = 𝑎(𝑥 + 𝑏)(1−𝑛)/2  and Uw=a(x+b)n. As 

shown in Figure 1(a), the mechanical cycle for this audit, in 

which the molten material is propelled from the pass-on to be 

stretched by a wrap-up wheel.  

As seen in Figure 1 (b), the thickness of the expanding sheet 

gradually decreases until it reaches a uniform thickness. We 

assume that these constants are modest enough to keep the 

surface thin enough. Velocity index 𝑛 affects the thickness of 

a material's surface, which may either reduce (n>1) or grow 

(n<1) as the distance from the slit increases. As a side note, 

when n = 1, the study is reduced to an essentially flat surface. 

Assumed in this study, the similarity variable and functions are 

valid if 𝑛 > – 1. In this case, 𝑣𝑤 = 0 indicates that the surface 

is completely impermeable. The stretching surface is selected 

along the 𝑥-direction of motion, and the 𝑦-direction is chosen 

normal to it. The following is a mathematical formulation for 

the model that governs this sort of flow [6, 14]: 
 

𝜕𝑢

𝜕𝑥
+
𝜕𝑣

𝜕𝑦
= 0,  (1) 

 

𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
+ 𝜆 [𝑢2

𝜕2𝑢

𝜕𝑥2
+ 𝑣2

𝜕2𝑢

𝜕𝑦2
+ 2𝑢𝑣 (

𝜕2𝑢

𝜕𝑥𝜕𝑦
)] =

𝜐
𝜕2𝑢

𝜕𝑦2
+
𝐾𝑁

𝜌
(𝑢𝑝 − 𝑢) −

𝜐

𝐾∗
𝑢,  

(2) 

𝜕𝑢𝑝

𝜕𝑥
+
𝜕𝑣𝑝

𝜕𝑦
= 0,  (3) 

 

𝑢𝑝
𝜕𝑢𝑝

𝜕𝑥
+ 𝑣𝑝

𝜕𝑢𝑝

𝜕𝑦
=
𝐾𝑁

𝜌
(𝑢 − 𝑢𝑝), (4) 

 

subject to boundary conditions: 

 

𝑢 = 𝑈𝑤 = 𝑎(𝑥 + 𝑏)
𝑛,  𝑣 = 0   at 𝑦 = 𝑎(𝑥 + 𝑏)(1−𝑛) 2⁄ ,  

 

𝑢 → 0,  𝑣𝑝 → 𝑣,  𝑢𝑝 → 0  as  𝑦 → ∞, (5) 

 

where, u, v are two velocity components in each of the two 

orthogonal x and y directions of the fluid flow. up and vp 

represent the x- and y- velocity components of dust particles, 

respectively. The relaxation time parameter denotes by 𝜆 , 

while the dust particles number density and the Stokes 

resistance values symbolized by 𝑁 and 𝐾, respectively. When 

λ>0, the Maxwell dusty fluid is viscous and it is an inviscid 

fluid if λ=0. The fluid has a dynamic viscosity υ and a density 

ρ. 𝐾∗ = 𝐾0(𝑥 + 𝑏)
1−𝑛 is the permeability of the porous media 

where K0 is a constant. According to the study [32], as 

illustrated below, integrating dimensionless similarity 

variables simplifies the previous mathematical model as 

follow: 

 

 
 

Figure 1. Physical model for the variable thickness 

stretching sheet 
 

𝜓 = √
𝑛+1

2
𝜐𝑎(𝑥 + 𝑏)𝑛+1𝐺(𝜉),  𝑢 = 𝑎(𝑥 + 𝑏)𝑛𝐺′(𝜉),    

𝑣 = −√
𝑛+1

2
𝜐𝑎(𝑥 + 𝑏)𝑛−1 (𝐺(𝜉) +

𝑛−1

𝑛+1
𝜉𝐺′(𝜉)),  

𝜉 = √(
𝑛+1

2
)
𝑎(𝑥+𝑏)𝑛−1

𝜐
𝑦,  𝑢𝑝 = 𝑎(𝑥 + 𝑏)

𝑛𝐻′(𝜉), 

𝑣𝑝 =   − √
𝑛+1

2
𝜐𝑎(𝑥 + 𝑏)𝑛−1 (𝐻(𝜉) +

𝑛−1

𝑛+1
𝜉𝐻′(𝜉)), 

(6) 

 

where, ξ is the similarity variable, G(ξ) and H(ξ) are 

dimensionless functions. The partial differential Eqns. (2)-(5) 

are changed into conventional differential conditions utilizing 

the likeness change procedure. The condition of coherence is 
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fulfilled if a stream work ψ is picked to such an extent that 𝑢 =
𝜕𝜓

𝜕𝑢
, 𝑣 = −

𝜕𝜓

𝜕𝑥
 which satisfies Eq. (1). After substituting Eqns. 

(6) into Eqns. (2)-(5), we get the following system of ordinary 

differential equations. 

 

𝐺‴ + 𝐺 𝐺″ −
2𝑛

𝑛+1
𝐺′
2
+ 𝛽((3𝑛 − 1)𝐺 𝐺′ 𝐺″ −

2𝑛(𝑛−1)

𝑛+1
𝐺′
3
+
𝑛−1

2
𝜉 𝐺′

2
𝐺″ −

𝑛+1

2
𝐺2𝐺‴) +

2

𝑛+1
ℓ𝛽𝑣(𝐻

′ − 𝐺′) − 𝛾𝐺′ = 0, 

(7) 

 

 𝑛 𝐻′
2
−
𝑛+1

2
𝐻 𝐻″ + 𝛽

𝑣
(𝐻′ − 𝐺′) = 0, (8) 

 

depending on the following conditions: 

 

𝐺(𝛼) = 𝛼 (
1 − 𝑛

1 + 𝑛
) ,  𝐺′(𝛼) = 1, lim

𝜉→∞
 𝐺′(𝜉) = 0,  

  lim
𝜉→∞

 𝐻′(𝜉) = 0,   lim
𝜉→∞

 𝐺(𝜉) = lim
𝜉→∞

 𝐻(𝜉). 
(9) 

 

The differentiation with regard to ξ is denoted by primes. 

The wall thickness boundary, defined by the parameter 𝛼 =

𝑎√𝑎(𝑛 + 1)/2𝜈, depicts the expanded surface's wall profile. 

The number of elasticity and the porosity parameter are 

computed in the forms 𝛽 = 𝜆𝑎(𝑥 + 𝑏)𝑛−1  and 𝛾 = 2𝜐/
𝑎𝐾0(𝑛 + 1), respectively [33]. If The mass of dusty particles 

denoted by 𝑚 , the dusty particles mass concentration is 

computed by ℓ = 𝑁𝑚/𝜌 and 𝛽𝑣 = 𝐾/𝑚𝑎(𝑥 + 𝑏)
𝑛−1 is fluid 

particle interaction, where 𝑚 is the dusty particles mass. The 

similarity Eqns. (7) and (8), as well as the corresponding 

boundary conditions (9) become more obvious after using 

G(ξ)=f(ξ-α)=f(η)and H(ξ)=F(ξ-α)=F(η) is defined. They may 

be written as follows: 

 

𝑓‴ + 𝑓 𝑓″ −
2𝑛

𝑛+1
𝑓′
2
+ 𝛽((3𝑛 − 1) 𝑓 𝑓′ 𝑓″ −

2𝑛(𝑛−1)

𝑛+1
𝑓′
3
+
𝑛−1

2
𝜂  𝑓′

2
𝑓″ −

𝑛+1

2
𝑓2𝑓‴)   +

2

𝑛+1
ℓ𝛽𝑣(𝐹

′ − 𝑓′) − 𝛾𝑓′ = 0, 

(10) 

 

 𝑛𝐹′
2
−
𝑛 + 1

2
𝐹𝐹″ + 𝛽𝑣(𝐹

′ − 𝑓′) = 0, (11) 

 

depending on the following conditions: 

 

𝑓(0) = 𝛼 (
1 − 𝑛

1 + 𝑛
) ,  𝑓′(0) = 1, lim

𝜂→∞
 𝑓′(𝜂) = 0,   

lim
𝜂→∞

 𝐹′(𝜂) = 0,   lim
𝜂→∞

 𝑓(𝜂) = lim
𝜂→∞

 𝐹(𝜂), 
(12) 

 

and the differentiation with respect to η is denoted by primes 

in this case. It's worth noting that the shape parameter n 

determines the boundary layer behavior, with n=1 reducing 

the boundary condition (12) to 𝑓(0) = 0, which corresponds 

to an impermeable surface, and 𝑛 < 1 resulting in 𝑓(0) > 0, 

which relates to suction. Furthermore, 𝑛 > 1 corresponds to 

𝑓(0) < 0, which denotes injection. 

 

 

3. LEGENDRE-GALERKIN METHOD 
 

The Legendre-Galerkin method is a strong and efficient 

numerical methodology for solving ordinary differential 

equations' linear and nonlinear boundary value issues. This 

numerical method's approach and primary definition have 

already been discussed in a number of publications. To make 

our computations easier, we should implement a suitable 

transformation to transfer the solution domain [0, ∞] to the 

domain [-1, 1]. Because the Legendre polynomials are in the 

computational interval [-1, 1], the transformation 𝜂 =
𝜂∞

2
(𝜁 +

1) is employed to convert Eqns. (10)-(12) to the following 

forms in the first phase of this approach. 

 
8

𝜂∞
3

𝑑3𝑓

𝑑𝜁3
 +

4

𝜂∞
2 𝑓 

𝑑2𝑓

𝑑𝜁2
−

8𝑛

𝜂∞(𝑛+1)
(
𝑑𝑓

𝑑𝜁
)
2

  

+
8𝛽

𝜂∞
3 ((3𝑛 − 1) 𝑓  (

𝑑𝑓

𝑑𝜁
)   (

𝑑2𝑓

𝑑𝜁2
) −

2𝑛(𝑛−1)

𝑛+1
(
𝑑𝑓

𝑑𝜁
)
3

  

+
𝑛 − 1

2
(𝜉 + 1)  (

𝑑𝑓

𝑑𝜁
)
2

(
𝑑2𝑓

𝑑𝜁2
) −

𝑛 + 1

2
𝑓2 (

𝑑3𝑓

𝑑𝜁3
)) 

+
4

𝑛+1

ℓ𝛽𝑣

𝜂∞
(
𝑑𝐹

𝑑𝜁
−
𝑑𝑓

𝑑𝜁
) −

2𝛾

𝜂∞

𝑑𝑓

𝑑𝜁
= 0, 

(13) 

 

 
4𝑛

𝜂∞
2 (

𝑑𝐹

𝑑𝜁
)
2

−
2(𝑛+1)

𝜂∞
2 𝐹 (

𝑑2𝑓

𝑑𝜁2
) +

2𝛽𝑣

𝜂∞
(
𝑑𝐹

𝑑𝜁
−
𝑑𝑓

𝑑𝜁
) = 0, (14) 

 

with boundary conditions: 
 

𝑓(−1) = 𝛼 (
1−𝑛

1+𝑛
) ,  

𝑑𝑓(−1)

𝑑𝜁
=
𝜂∞

2
, 
𝑑𝑓(1)

𝑑𝜁
=
𝑑𝐹(1)

𝑑𝜁
= 0,    

𝑓(1) = 𝐹(1), 
(15) 

 

Assume that the nonlinear system's unknowns in (13) and 

(14) have an approximate solution: 

 

𝑓(𝜉) ≈∑𝑐𝑗  𝑃𝑗(𝜁)  

𝑀

𝑗=0

  and  𝐹(𝜉) ≈∑𝑑𝑖  𝑃𝑖(𝜁).     

𝑀

𝑖=0

 (16) 

 

By inserting into the preceding system and using the 

Galerkin approach, the following results may be obtained. 

 

(
𝑛 − 1

2
) (𝜉 + 1) 

×∑∑∑𝑐𝑗𝑐𝑖  𝑐𝑘 〈
𝑑𝑃𝑗(𝜁)

𝑑𝜁

𝑑𝑃𝑖(𝜁)

𝑑𝜁

𝑑3𝑃𝑘(𝜁)

𝑑𝜁3
, 𝑃𝑟(𝜁)〉

𝑀

𝑘=0

𝑀

𝑖=0

𝑀

𝑗=0

 

+ 
8𝛽

𝜂∞
3 (∑𝑐𝑗 〈

𝑑3𝑃𝑗(𝜁)

𝑑𝜁3
, 𝑃𝑟(𝜁)〉

𝑀

𝑗=0

−
2𝑛(𝑛 − 1)

𝑛 + 1
 

×∑∑∑𝑐𝑗𝑐𝑖𝑐𝑘 〈
𝑑𝑃𝑗(𝜁)

𝑑𝜁

𝑑𝑃𝑖(𝜁)

𝑑𝜁

𝑑𝑃𝑘(𝜁)

𝑑𝜁
, 𝑃𝑟(𝜁)〉

𝑀

𝑘=0

𝑀

𝑖=0

𝑀

𝑗=0

 

+(3𝑛 − 1) 

×∑∑∑𝑐𝑗𝑐𝑖  𝑐𝑘 〈
𝑑𝑃𝑗(𝜁)

𝑑𝜁

𝑑𝑃𝑖(𝜁)

𝑑𝜁

𝑑2𝑃𝑘(𝜁)

𝑑𝜁2
, 𝑃𝑟(𝜁)〉

𝑀

𝑘=0

𝑀

𝑖=0

𝑀

𝑗=0

 

+
4ℓ𝛽𝑣

𝜂∞
3 (𝑛 + 1)

∑𝑑𝑗 〈
𝑑𝑃𝑗(𝜁)

𝑑𝜁
, 𝑃𝑟(𝜁)〉

𝑀

𝑗=0

 

+
4

𝜂∞
2 ∑∑𝑐𝑗𝑐𝑖 〈

𝑑𝑃𝑗(𝜁)

𝑑𝜁

𝑑2𝑃𝑖(𝜁)

𝑑𝜁2
, 𝑃𝑟(𝜁)〉

𝑀

𝑖=0

𝑀

𝑗=0

− (
𝑛 + 1

2
) 

×∑∑∑𝑐𝑗𝑐𝑖𝑐𝑘 〈
𝑑𝑃𝑗(𝜁)

𝑑𝜁

𝑑𝑃𝑖(𝜁)

𝑑𝜁

𝑑3𝑃𝑘(𝜁)

𝑑𝜁3
, 𝑃𝑟(𝜁)〉

𝑀

𝑘=0

𝑀

𝑖=0

𝑀

𝑗=0

) 

−
8𝑛

𝜂∞(𝑛 + 1)
∑∑𝑐𝑗𝑐𝑖 〈

𝑑𝑃𝑗(𝜁)

𝑑𝜁

𝑑𝑃𝑖(𝜁)

𝑑𝜁
, 𝑃𝑟(𝜁)〉

𝑀

𝑖=0

𝑀

𝑗=0

 

−
1

𝜂∞
(
4ℓ𝛽𝑣
𝑛 + 1

+ 2𝛾)∑𝑐𝑗 〈
𝑑𝑃𝑗(𝜁)

𝑑𝜁
, 𝑃𝑟(𝜁)〉

𝑀

𝑗=0

= 0, 

(17) 
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4𝑛

𝜂∞
2
∑∑𝑑𝑗𝑑𝑖 〈

𝑑𝑃𝑗(𝜁)

𝑑𝜁

𝑑𝑃𝑖(𝜁)

𝑑𝜁
, 𝑃𝑟(𝜁)〉

𝑀

𝑖=0

𝑀

𝑗=0

−
2(𝑛 + 1)

𝜂∞
2

∑∑𝑑𝑗𝑑𝑖 〈
𝑑𝑃𝑗(𝜁)

𝑑𝜁

𝑑2𝑃𝑖(𝜁)

𝑑𝜁2
, 𝑃𝑟(𝜁)〉

𝑀

𝑖=0

𝑀

𝑗=0

 

+
2𝛽𝑣
𝜂∞

∑(𝑑𝑗−𝑐𝑗) 〈
𝑑𝑃𝑗(𝜁)

𝑑𝜁
, 𝑃𝑟(𝜁)〉

𝑀

𝑗=0

= 0 

(18) 

 

in terms of the boundaries: 

 

∑(−1)𝑗  𝑐𝑗

𝑀

𝑗=0

= 𝛼 (
1 − 𝑛

1 + 𝑛
) , ∑(−1)𝑗+1𝑗(𝑗 + 1) 𝑐𝑗

𝑀

𝑗=0

= 𝜂∞, 

∑𝑗(𝑗 + 1) 𝑐𝑗

𝑀

𝑗=0

=  0,∑𝑗(𝑗 + 1) 𝑑𝑗

𝑀

𝑗=0

= 0,∑(𝑐𝑗 − 𝑑𝑗)

𝑀

𝑗=0

= 0, 

(19) 

 

where, 〈⋅ ,   ⋅〉 is defined as the inner product: 

 

〈𝜑 (𝜁),  𝜔 (𝜁)〉 = ∫ 𝜑 (𝜁)  𝜔 (𝜁) 
1

−1
𝑑𝜁  

 

The matrix form of the nonlinear system (17) and (18) with 

condition (19) is:  

 

𝚮 𝐜 + 𝚿 𝐜 + 𝚯𝐜̅  = 𝐛, (20) 

 

where, 

 

𝚮 = (
𝚮𝒇𝟏 𝚮𝑭𝟏
𝚮𝒇𝟐 𝚮𝑭𝟐

) ,𝚿 = (
𝚿𝒇𝟏 𝑶

𝑶 𝚿𝑭𝟐
) , 𝚯 = (

𝚯𝒇𝟏
𝑶
) , 𝐛 = (

𝐛𝟏
𝐛𝟐
), 

 

and 

 

𝚮𝒇𝟏 =

(

 
 

                  𝜗𝑗,𝑟                 

(−1)𝑗

(−1)𝑗+1𝑗(𝑗 + 1)

𝑗(𝑗 + 1) )

 
 
, 𝚮𝒇𝟐 = (

 𝜔𝑗,𝑟

0
0

), 

𝚮𝑭𝟏 = (

  𝜒𝑗,𝑟   

0
0
0

),             𝚮𝑭𝟐 = (

 𝜍𝑗,𝑟

𝑗(𝑗 + 1)

1

) 

𝑐 = span{𝑐𝑗},  𝑐̃ = {span{𝑐𝑖  𝑐𝑗}, span{𝑑𝑖  𝑑𝑗}} ,   

𝑐̅ = {span{𝑐𝑖  𝑐𝑗 𝑐𝑘}, span{𝑑𝑖  𝑑𝑗  𝑑𝑘}} 

𝑏1 = ( 0    0    0    0    0    0     ⋯    𝛼 (
1 − 𝑛

1 + 𝑛
)     𝜂∞    0 )

𝑇

,  

𝑏2 = ( 0    0    0    0    0    0     ⋯    0    0    0 )𝑇 ,  
 

𝜗𝑗,𝑟 =  
8

𝜂∞
3
〈
𝑑3𝑃𝑗(𝜁)

𝑑𝜁3
, 𝑃𝑟(𝜁)〉 

−  (
4

𝑛 + 1

ℓ𝛽𝑣
𝜂∞

+
2𝛾

𝜂∞
) 〈
𝑑𝑃𝑗(𝜁)

𝑑𝜁
, 𝑃𝑟(𝜁)〉, 

(21) 

 

𝜔𝑗,𝑟 = −
2𝛽𝑣
𝜂∞

〈
𝑑𝑃𝑗(𝜁)

𝑑𝜁
, 𝑃𝑟(𝜁)〉, (22) 

 

𝜒𝑗,𝑟 =
4

𝑛 + 1

ℓ𝛽𝑣
𝜂∞

〈
𝑑𝑃𝑗(𝜁)

𝑑𝜁
, 𝑃𝑟(𝜁)〉, (23) 

 

𝜍𝑗,𝑟 =
2𝛽𝑣
𝜂∞

〈
𝑑𝑃𝑗(𝜁)

𝑑𝜁
, 𝑃𝑟(𝜁)〉, (24) 

𝚿𝒇𝟏 = {𝛬𝑖, 𝑗, 𝑟}

= −
8𝑛

𝜂∞(𝑛 + 1)
〈
𝑑𝑃𝑗(𝜁)

𝑑𝜁

𝑑𝑃𝑖(𝜁)

𝑑𝜁
, 𝑃𝑟(𝜁)〉 

+
4

𝜂∞
2
〈𝑃𝑗(𝜁)

𝑑2𝑃𝑖(𝜁)

𝑑𝜁2
, 𝑃𝑟(𝜁)〉, 

(25) 

 

𝚿𝑭𝟏 = {𝜅𝑖, 𝑗,  𝑘,  𝑟} =
4𝑛

𝜂∞
2
〈
𝑑𝑃𝑗(𝜁)

𝑑𝜁

𝑑𝑃𝑖(𝜁)

𝑑𝜁
, 𝑃𝑟(𝜁)〉 

−
2(𝑛 + 1)

𝜂∞
2

〈𝑃𝑗(𝜁)
𝑑2𝑃𝑖(𝜁)

𝑑𝜁2
, 𝑃𝑟(𝜁)〉, 

(26) 

 

𝚯𝒇𝟏 = {𝛺𝑖, 𝑗,𝑘, 𝑟}   

        = (
𝑛−1

2
) (𝜉 + 1) 〈

𝑑𝑃𝑗(𝜁)

𝑑𝜁

𝑑𝑃𝑖(𝜁)

𝑑𝜁

𝑑2𝑃𝑘(𝜁)

𝑑𝜁2
, 𝑃𝑟(𝜁)〉   

        −
2𝑛(𝑛−1)

𝑛+1
〈
𝑑𝑃𝑗(𝜁)

𝑑𝜁

𝑑𝑃𝑖(𝜁)

𝑑𝜁

𝑑𝑃𝑘(𝜁)

𝑑𝜁
, 𝑃𝑟(𝜁), 𝑃𝑟(𝜉)〉  

        +
8𝛽

𝜂∞
3 ((3𝑛 − 1) 〈𝑃𝑗(𝜁)

𝑑𝑃𝑖(𝜁)

𝑑𝜁

𝑑3𝑃𝑘(𝜁)

𝑑𝜁3
, 𝑃𝑟(𝜁)〉 −

𝑛+1

2
〈𝑃𝑗(𝜁)𝑃𝑖(𝜁)

𝑑3𝑃𝑘(𝜁)

𝑑𝜁3
, 𝑃𝑟(𝜁)〉). 

(27) 

 
The preceding terms (21)-(27) are evaluated using theorems 

was discussed [34-37] by Fathy. Newton's iteration method 

used to obtain the solution of the nonlinear Eq. (20) of 3M+3 

algebraic equations with 3M+3 unknowns 𝑐𝑗 and 𝑑𝑗. Solving 

the system of equations and substituting 𝑐𝑗 and 𝑑𝑗 in Eq. (16) 

may yield the asymptotic solutions. We need to use the inverse 

transformation 𝜁 =
2

𝜂∞
𝜂 − 1 in order to solve our problem. 

After that, we've identified an approximate solution to our 

problem. 

 

 
4. RESULTS 

 

Using the Legendre-Galerkin method, the semi-analytic 

solution for the couple system (13)-(15) is achieved. 

According to the issue parameters, possible semi-analytic 

solutions may be found in Table 1 for M=10. The fluid 𝑓′(𝜂) 
and the dusty particle 𝐹′(𝜂) velocity profiles are influenced by 

a variety of parameters. 𝐶𝑓 is an essential physical quantity in 

our investigation since it is expressed as; 

 

𝐶𝑓 = −2√
(𝑛+1)

2
(Re𝑥)

−
1

2 𝑓′′(0)  (28) 

 

where, 𝐶𝑓√Re𝑥 = −2√(𝑛 + 1)/2 𝑓′′(0) is the modified skin-

friction and Re𝑥 = 𝑈𝑤(𝑥 + 𝑏)/𝜐 is the local Reynold number 

[32]. Using numerical data provided by [24, 38, 39]. We were 

able to verify the precision of our technique. It is clear from 

Table 2 and Table 3 that numerical values for −𝑓′′(0)  at 

various 𝑛 values (ignoring the influence of the porous medium) 

are in great agreement [24, 38, 39]. 

There are three types of flow: laminar, transient, and 

turbulent. The ratio of inertia to viscosity is determined by a 

dimensionless number known as the Reynold number. Friction 

between a stretched surface and adjacent fluid particles, 

known as "skin friction," creates a drag force whose magnitude 

depends on the Reynolds number. There are two kinds of 

friction: local skin friction and modified skin friction, which 

take into consideration the wall profile's influence on the 

Reynold number. 
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According to the data in Table 4, the following parameters 

have an impact on the modified skin friction: velocity power 

index 𝑛 , wall thickness 𝛼 , elasticity 𝛽 , fluid particle 

interaction 𝛽𝑣 , porosity 𝛾 , and mass concentration ℓ 

parameters. 

 

Table 1. Some semi-analytic solutions obtained for M=10 
 

Parameters Solutions 

𝑛 = 2, 
𝛽 = 0.2 , 
𝛼 = 0.25, 
𝛽𝑣 = 0.4, 
𝛾 = 0.2, 
ℓ = 0.3 

𝑓(𝜂) = −0.0833 + 𝜂 − 0.6458𝜂2 + 0.2783𝜂3 

         −0.08165𝜂4 + 0.01489𝜂5 − 0.00123𝜂6 

         −0.000074𝜂7 + 0.000027𝜂8 

         +2.7 × 10−7𝜂9 + 7.81 × 10−8𝜂10. 
𝐹(𝜂) = 0.5368 + 0.22008𝜂 − 0.13369𝜂2 

          +0.0554𝜂3 − 0.01699𝜂4 + 0.00377𝜂5 

          −0.0005664𝜂6 + 0.000051𝜂7 

          −0.00000204𝜂8 − 2.92 × 10−8𝜂9 
  +3.82 × 10−9𝜂10. 

𝑛 = 0.5, 
𝛽 = 0.2 , 
𝛼 = 1.2, 
𝛽𝑣 = 1, 
𝛾 = 0.2, 
ℓ = 0.6 

𝑓(𝜂) = 0.4 + 𝜂 − 0.7385𝜂2 + 0.3208𝜂3 

          −0.0826𝜂4 + 0.01𝜂5 + 0.00061𝜂6 

          −0.000418𝜂7  + 0.0000637𝜂8 

          −0.0000045𝜂9  + 1.26 × 10−7𝜂10 

𝐹(𝜂) = 0.7479 + 0.469𝜂 − 0.3747𝜂2 

          +0.189𝜂3 − 0.06483𝜂4 

          +0.0152𝜂5 − 0.00236𝜂6 

          +0.00022𝜂7 − 0.000011𝜂8 

          +1.79 × 10−7𝜂9 + 5.35 × 10−9𝜂10. 

 

Table 2. Comparing the value of −𝑓′′(0) to that of other 

technique at various α=0.25 

 

n 

α=0.25 

Results 

[24] 

Results 

[38] 

Results 

[39] 

Present 

work 

10  1.14332 1.1433 1.1433 1.14332 

9  1.14039 1.1404 1.1404 1.14039 

7  1.13228 1.1323 1.1322 1.13228 

5  1.11859 1.1186 1.1186 1.11859 

3  1.09049 1.0905 1.0904 1.09049 

1  1.00000 1.0000 1.0000 1.00000 

0.5  0.93382 0.9338 0.9337 0.93382 

0  0.78427 0.7844 0.7843 0.78427 

−1
/3  

0.50000 0.5000 0.5000 0.50000 

−0.5  0.08333 0.0833 0.0832 0.08310 

 
 

4.1 Velocity power index 

 

According to the first part of Table 3, 𝐶𝑓  rises with the 

increasing of velocity power index. Physically, the frictional 

impact of surface-to-fluid contact may be increased by raising 

power index 𝑛. 
 

4.2 Wall thickness parameter 
 

The modified-skin friction increases for n<1 and decreases 

for n>1 under the effect of the wall thickness parameter, as 

shown in Table 3 and Table 4 second and third sections. When 

the suction process is present, one may state that the 

mechanical characteristics of the surface (hardness, strength, 

etc.) can be enhanced. 
 

4.3 Elasticity parameter 
 

When the β is high, the viscosity and resistivity of the fluid 

rise, causing greater friction within the fluid and lowering the 

flow velocity. As seen in the fourth and fifth halves of Table 3 

and Table 4, these consequences manifest themselves in an 

increase in modified-skin friction with rising β, the modified 

skin friction increases higher for n>1 than for n<1.  
 

 

Table 3. Comparing the value of −𝑓′′(0) to that of other 

technique at various α=0.5 

 
n α=0.5  

Results  

[24] 

Results 

[38] 

Results  

[39] 

Present 

work 

10  1.06032 1.0603 1.0603 1.06032 

9  1.05891 1.0589 1.0588 1.05891 

7  1.05504 1.0550 1.0551 1.05504 

5  1.04861 1.0486 1.0486 1.04861 

3  1.03586 1.0359 1.0358 1.03586 

1  1.00000 1.0000 1.0000 1.00000 

0.5  0.97994 0.9799 0.9798 0.97994 

0  0.95764 0.9576 0.9577 0.95764 

-1/3  1.00000 1.0000 1.0000 1.00000 

-0.5  1.16682 1.1667 1.6666 1.16682 

 

Table 4. The values of −𝑓′′(0) and modified skin friction for 

variation of some parameters 

 

 𝒏 𝜶 𝜷 𝜷𝒗 𝜸 𝓵 −𝒇′′(𝟎) 𝑪𝒇√𝑹𝒆𝒙 

𝑛 0 0.25 0.2 0.4 0.2 0.3 0.964870 1.364532 

0.5 0.25 0.2 0.4 0.2 0.3 1.098202 1.902142 

2 0.25 0.2 0.4 0.2 0.3 1.289897 3.159589 

𝛼 

𝑛 < 1 

0.5 0.1 0.2 0.4 0.2 0.3 1.064924 1.844504 

0.5 0.8 0.2 0.4 0.2 0.3 1.232053 2.133979 

0.5 1.2 0.2 0.4 0.2 0.3 1.342970 2.326093 

𝛼 

𝑛 > 1 

1.2 0.1 0.2 0.4 0.2 0.3 1.215377 2.549397 

1.2 0.8 0.2 0.4 0.2 0.3 1.168720 2.451527 

1.2 1.2 0.2 0.4 0.2 0.3 1.143230 2.398060 

𝛽 

𝑛 < 1 

0.5 0.25 0 0.4 0.2 0.3 1.089756 1.887513 

0.5 0.25 0.3 0.4 0.2 0.3 1.098202 1.902142 

0.5 0.25 0.4 0.4 0.2 0.3 1.107398 1.918071 

𝛽 

𝑛 > 1 

1.2 0.25 0 0.4 0.2 0.3 1.145629 2.403093 

1.2 0.25 0.3 0.4 0.2 0.3 1.205151 2.527946 

1.2 0.25 0.4 0.4 0.2 0.3 1.261721 2.646608 

𝛽𝑣 

𝑛 < 1 

0.5 0.25 0.2 0.2 0.2 0.3 1.077985 1.867126 

0.5 0.25 0.2 0.5 0.2 0.3 1.105757 1.915227 

0.5 0.25 0.2 1.0 0.2 0.3 1.129529 1.956403 

𝛽𝑣 

𝑛 > 1 

1.2 0.25 0.2 0.2 0.2 0.3 1.191339 2.498974 

1.2 0.25 0.2 0.5 0.2 0.3 1.210719 2.539626 

1.2 0.25 0.2 1.0 0.2 0.3 1.230486 2.581091 

𝛾 

𝑛 < 1 

0.5 0.25 0.2 0.4 0.0 0.3 1.000613 1.733112 

0.5 0.25 0.2 0.4 0.2 0.3 1.098202 1.902142 

0.5 0.25 0.2 0.4 0.4 0.3 1.188148 2.057933 

𝛾 

𝑛 > 1 

1.2 0.25 0.2 0.4 0.0 0.3 1.120629 2.350651 

1.2 0.25 0.2 0.4 0.2 0.3 1.205151 2.527946 

1.2 0.25 0.2 0.4 0.4 0.3 1.284265 2.693898 

ℓ 

𝑛 < 1 

0.5 0.25 0.2 0.4 0.2 0.0 1.046844 1.813188 

0.5 0.25 0.2 0.4 0.2 0.3 1.098202 1.902142 

0.5 0.25 0.2 0.4 0.2 0.6 1.147365 1.987295 

ℓ 

𝑛 > 1 

1.2 0.25 0.2 0.4 0.2 0.0 1.172187 2.458800 

1.2 0.25 0.2 0.4 0.2 0.3 1.205151 2.527946 

1.2 0.25 0.2 0.4 0.2 0.6 1.237239 2.595255 
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4.4 Fluid particle interaction parameter 

 

From the sixth and seventh part of Table 3 and Table 4 we 

note that modified-skin friction increases with increasing the 

fluid particle interaction parameter 𝛽𝑣. 

 

4.5 Porosity parameter 

 

An increasing in porosity parameter  γ leads to an 

increasing in modified-skin friction as seen in the eighth and 

tenth halves of Table 3 and Table 4. 

 

4.6 Mass concentration of dusty particles 

 

We note that modified-skin friction increases as mass 

concentration of dusty particles ℓ increases, As seen in the last 

two parts of Table 3 and Table 4. 

 

 

5. DISCUSSIONS 

 

The stretching surface profile (see Figure 1b) and stretching 

wall velocity are both defined by the index power n. The 

surface becomes thinner as the value of 𝑛 increases. The index 

power n is also used to define the stretched wall velocity 𝑈𝑤. 

The parameter's impact on dimensionless velocity may be seen 

in Figure 2. By increasing the velocity index power 𝑛 , the 

stretching surface velocity and the profile surface curvature is 

raised. As can be seen in Figure 2b, the momentum boundary 

layer gets thinner as the dimensionless velocity drops. This 

effect is reversed when η>0.85. Dusty particles' velocity drops 

in the same proportion. As a consequence, the amount of 

resistive force needed to keep the Maxwell dusty fluid from 

forming grows as this value is increased. For Newtonian dusty 

fluid, when the index power grows, the flow velocity decreases 

until η=1.5 then it rises with increasing the value of 𝑛, but the 

particle velocity falls as shown in Figure 2a. 

 

 
 

Figure 2. (a) Effect of n for Newtonian dusty fluid and (b) 

Effect of n for Maxwell dusty fluid 

 

Figure 3 discusses the results of an investigation into the 

relationship between the fluid flow velocity and the wall 

thickness parameter 𝛼. As seen in Figure 3a, the boundary 

layer gets thinner and thinner as the velocity falls when 𝛼 

increases for n<1, but Figure 3b demonstrates that the 

boundary layer thickens as the velocity rises for n > 1. 

Velocity of dusty particles has the similar pattern. 

 

 
 

Figure 3. (a) Effect of 𝛼 for n<1 and (b) Effect of α for n>1 
 

The elasticity parameter of the Deborah number is a 

dimensionless number that reflects the ratio of time scale flow 

to relaxation time flow. When determining the type of unstable 

flow, the time scale is used. A viscous fluid, for example, 

requires a certain amount of time to relax once shear tension 

has ceased to exert pressure on it. It can be shown in Figure 4 

that increasing the elasticity parameter decreases the 

dimensionless velocity. This is due to the fact that increasing 

the viscosity of a fluid increases the fluid's resistance. Figure 

4b shows that for n>1, the elasticity parameter has a somewhat 

larger effect than for n<1 (Figure 4a). Additionally, when the 

elasticity value is raised, dust particle velocity falls slightly. 

 

 
 

Figure 4. (a) Effect of β for n<1 and (b) Effect of β for n>1 
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The dust phase's velocity rises while the fluid phase's 

velocity decreases as the value of 𝛽𝑣  increases in Figure 5. 

Because of the considerable contact between the fluid and 

particle phases, the particle phase may impose an opposing 

force on the fluid phase until the particle velocity is equal to 

the fluid velocity, allowing this effect to occur. 

 

 
 

Figure 5. (a) Effect of 𝛽𝑣 for n<1 and (b) Effect of 𝛽𝑣 for 

n>1 

 

Figures 6 demonstrate the impact of the porosity parameter 

on velocity profiles in the fluid and dust phases. Increasing the 

porosity parameter decreases the velocity profiles for both the 

fluid and dust phases in the figure. To explain this, raising the 

porosity parameter causes the pores in the porous material to 

enlarge, resulting in a decrease in velocity profiles. 

 

 
 

Figure 6. (a) Effect of γ for n<1 and (b) Effect of γ for n>1 

 

It is seen in Figure 7 that mass concentration of dust 

particles ℓ affects both the fluid and dust velocity profiles. The 

figure illustrates how increasing ℓ  reduces the fluid and 

particle phase velocity profiles. As the mass concentration of 

dust particles rises, the velocity boundary layers are noticeably 

diminished. 

 

 
 

Figure 7. (a) Effect of ℓ for n<1 and (b) Effect of ℓ for n>1 

 

 

6. CONCLUSIONS 

 

Maxwell dusty fluid on a stretched surface with varying 

thickness is studied numerically. A similarity transformation 

for the governing boundary layer equations was done based on 

the velocity power index, wall thickness, elasticity, fluid-

particle interaction, porosity, and dust particle mass 

concentration variables. The Legendre-Galerkin algorithm is 

used for obtaining the flow and dust velocities. Flow velocity 

has been shown to be affected by the values of these factors. 

The results of the modified-skin friction tests have been 

compiled. A brief summary of the study's results is provided 

below. 

• Rise in velocity power index, elasticity, fluid particle 

interaction, mass concentration of dust particles, and 

porosity characteristics all contribute to a progressive 

increase in friction factor. 

• Skin-friction modification rises as the wall thickness 

parameter α (for n<1) increases. However, for n>1, it 

decreases in value as 𝛼 raises. 

• When 𝑛 is increased, the velocity in the boundary layer 

falls near the surface and then increases again. 

• The fluid and dusty particles' velocity is reduced when 

the elasticity β, porosity γ, and mass concentration of 

dusty particles ℓ are increased. 

• Increasing the fluid-particle interaction parameter βv 

reduces the fluid phase's velocity and increases the 

particle phase's velocity. 

• Increases in the wall thickness parameter α has a 

negative impact on fluid phase velocity and particle 

phase velocity for n<1 and has a positive effect on n>1. 
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