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ABSTRACT. In the present analysis contributions of viscous and Ohmic dissipations on a MHD
convective nanofluid flow with thermal slip are studied. Further, the effects of thermal radiation,
permeability of the medium in the presence of heat source/sink are also analysed. The
numerical solutions to governing equations are obtained applying fourth order Runge-Kutta
method with an error tolerance of 10“. The velocity, temperature, concentration and
nanoparticle volume fraction profiles are presented graphically. The surface criteria in respect
of shearing stress and rate of heat transfer are also discussed. The validation of the reported
results complements to the observations. One striking outcome is to note that the presence of
sink causes heat flow from the fluid to bounding surface. This may be ascribed to significant
generation of heat due to viscous and Ohmic dissipations in nanofluid flow to override the effect
of sink.

RESUME. On éudie les contributions des dissipations visqueuses et ohmiques sur un flux de
nanofluides convectifs MHD avec un glissement thermique. Par ailleurs, les effets du
rayonnement thermique, la perméabilitédu milieu en préence de source de chaleur / puits sont
&jalement analysés. Les solutions numé&iques aux €guations sont acquises tout en appliquant
la mé&hode de Runge-Kutta classique d'ordre quatre (RK4) avec une tolé&ance aux pannes de
10-4. Les profils de vitesse, de tempéature, de concentration et de fraction de volume de
nanoparticules sont pré&enté& de fagn graphique. Les critées de surface concernant la
contrainte de cisaillement et le ratio de transfert de chaleur sont éjalement discutés. La
validation des réultats rapporté&s ré&ulte d’un complénent des observations. Un réultat
remarquable mérite notre attention. Il est anoter que la pré&ence d'un &ier provoque un flux
de chaleur du fluide tournant vers la surface ddimitée. Cela peut &re attribuéaune génération
importante de la chaleur due &ades dissipations visqueuses et ohmiques dans un flux de
nanofluide pour outrepasser [’effet de I’évier.
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1. Introduction

The nanofluids are of immense use in many industrial and technological
applications such as melt polymers, electronic-cooling, solar collectors, biological
solutions, food mixing and nuclear reactors because of their increasing thermal
conductivity property, stability and homogeneity. Usually fluids such as water,
ethylene glycol and mineral salts are used in heat transfer process as base fluid and
exhibit low thermal conductivity without nanoparticle. Choi et al. (2001) pointed out
that the effect of a small amount of nanoparticles added to any standard fluid (less
than one percent by volume) enhances, approximately twice, the thermal conductivity
property of the base fluid. Buongiorno (2006) developed a nanofluid model
considering Brownian diffusion and thermophoresis slip mechanism.

The slip flow usually occurs in small-characteristic-size flow system or flow under
very low pressure. The slip may occur on a stationary and moving boundary when the
fluid is particulate such as emulsions and suspensions. To account for the slip at the
boundary, Navier (1823) incorporated a boundary condition where the component of
tangential fluid velocity to the boundary walls is directly related to tangential stress.
Kuznetsov and Nield (2014) studied analytically the natural convective boundary
layer nanofluid flow past a vertical plate. They have considered the effects of
thermophoresis and Brownian motion.

The scattering of mass because of temperature gradient is called Soret or thermo-
diffusion effects and this effect is significant in case of large density differences
between the fluid layers. For instance, when a species of lower density than that of the
surrounding fluid, is introduced into the flow then Soret effect arises. This finds
application in separation of isotopes. The Soret and Dufour effect on mixed
convection heat and mass transfer are studied by Pal and Chatterjee (2014),
Srinivasacharya and RamReddy (2011). Makinde and Aziz (2011) studied
numerically boundary layer flow of a nanofluid past a stretching sheet subject to a
convective thermal boundary condition. Turkyilmazoglu (2013) studied the Soret and
Dufour effect on MHD flow of an electrically conducting viscoelastic fluid past a
vertical stretching surface in a porous media.

Usually nanofluids are electrically conducting due to presence of nanoparticles.
Therefore, flowing nanofluids produce electromagnetic resistive force under the
influence of externally applied magnetic field. Rama and Goyal (2014) investigated
non-Newtonian nanofluid flow over a permeable sheet with heat generation and
velocity slip in presence of magnetic field. Yadav et al. (2015) also studied the impact
of internal heating on conducting nanofluid. Chandrasekhar and Rudraiah (1980) have
analyzed the effect of uniform transverse magnetic field on the flow behavior of
viscous conducting fluid in a channel with non-uniform gap. Pal and Mandal (2014)
investigated the mixed convection boundary layer flow of nanofluid at a stagnation
point over a permeable stretching/shrinking sheet. Ahmad and khan (2015) reported
the unsteady incompressible MHD water-based nanofluid flow considering
Buongiorno model.
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The boundary layer flow is governed by two transport mechanism i.e. momentum
transport which gives rise to velocity boundary layer and heat transport which
contributes to the growth of thermal boundary layer. Recently, Ram Reddy et al.
(2013) studied the Soret effect on mixed convection flow in a nanofluid subject to
convective boundary condition. Despite their interesting analysis, they have not
considered the following aspects.

(i) The permeability of the saturated porous medium which modifies the
momentum equation with an additional body force per unit mass and finds
application in geothermal and geophysical problems.

(if) Viscous dissipation, a measure of rate of doing work due to viscous resistance.
Julian dissipation, the dissipation of electromagnetic energy (Joule heating).

(iif) Thermal radiation.

(iv) Volumetric heat source which can be created by electrical devices or
otherwise.

The inclusion of the above criteria modifies the thermal as well as velocity
boundary layer equations. Under the present study, consideration of Soret effect i.e.
mass diffusion due to temperature gradient is justified as the nanoparticle gets diffused
to the base fluid. Most appropriately, the consideration of thermal slip at the boundary
warrants that the mean free path is not negligible when compared with the dimensions
of the body in the flow domain (Pai, 1959).

2. Mathematical model and flow analysis

Consider the steady laminar two dimensional flow of a viscous incompressible
nanofluid over a semi-infinite vertical plate embedded in a porous medium. Cartesian
co-ordinate system is shown in Figure 1. The ambient temperature, concentration and
volume fraction are shown in Figure 1 as T., C., and @, respectively. The plate is
heated/cooled depending upon T«<T.,, or Ti>T., where Ts is the fluid temperature.
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Figure 1. Flow configuration
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The governing equations for the nanofluid flow with Oberbeck-Boussinesq
approximation which is a two part approximation, which neglects all variable
properties in the governing equations except the density in the buoyancy term of
momentum equation and approximate the density difference with a simplified
equation of state i.e. p=p.[1-Br(T-T)] (similar term for concentration). Following
RamReddy et al., governing equations are given by
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where u and v are components of velocity along x and y axes respectively, T is the

temperature, @ is the nanoparticle volume fraction, C is the solutal concentration, g is

the acceleration due to gravity, a,,, = (p% is the thermal diffusivity of the fluid, v =
f

pL is the kinematic viscosity coefficientand T = EZ 2” is the ratio of the effective heat
foo f

capacity of the nanoparticle material and the fluid.

The above governing equations are consistent with the assumptions that (i) the
solid matrix is everywhere in local thermodynamic equilibrium, (ii) the thermo
physical properties of the fluid are homogeneous and isotopic, and (iii) there is a
thermal slip on the bounding surface.



Thermal slip effect on MHD convective nanofluid flow 219

The boundary conditions for the thermal field may be prescribed following Aziz
(2009) as

y=0: u=0, v=0, —k%:hf (T,-T),¢=4,.C=C,

y—o>w: u->u, T->T,6 ¢>¢,C>C, ©)

By using the following similarity transformations
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the equations (2) - (5) and boundary conditions (6) reduce to
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where non-dimensional variables and parameters are
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and B; =£ [j—v is the Biot number. This boundary condition will be free from the

local variable x by choosing hy = cx~ /.

3. Skin friction, heat and mass transfer coefficients

The shearing stress, local heat transfer, local nanoparticle mass and local regular
mass fluxes at the vertical plate can be obtained from
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The non dimensional shear stress coefficient szpr—wuz, the Nusselt
foo oo
numberN, = —2*__ the nanoparticle Sherwood number NSH, = —™*__ and
W = (T p—Toe) P * = Dp(dw—deo)

dmX

the regular Sherwood number Sh, = DeCu—Co)’
s{tw~Leoo

are given by
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4. Results and discussion
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Figure 3. Effects of St and Le on velocity profiles
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The non-linear ordinary differential equations (7) - (10) with boundary conditions
(11) have been solved using Runge-Kutta fourth order method with a self-corrective
and iterative procedure i.e. shooting technique. The present mixed convective flow
model is a generalization of Makinde and Olanrewaju (2010), Subhashini et al. (2011)
and RamReddy et al. (2013).

Figures 2 and 5 exhibit the effect of magnetic parameter (M) and porosity
parameter (Kp) on velocity and temperature distributions respectively. The interaction
of magnetic field with an electrically conducting flowing fluid induces a voltage
across the magnetic field. The current generated by the induced voltage interacts with
magnetic field and produces a resistive force to slow down the motion of the fluid
(Cramer and Pai, 1973). Therefore, an increase in M leads to decrease the velocity and
enhances the thermal energy giving rise to higher temperature profile (Figure 5).
Further, porous medium resists the fluid flow also. The temperature distribution is
asymptotic in nature showing a good agreement with prescribed ambient temperature.
On careful observation of velocity profiles it reveals that velocity boundary layer
develops flow instability for #=2.25 (approx.), and it is more pronounced for higher
value of M, due to appearance of inflexion point at 7=2.25. Hence, it is concluded that
induced electromagnetic force gives rise to thinner velocity boundary layer and
thicker thermal boundary layer owing to reduction of velocity and rise in temperature
respectively.

From figure 3, it is seen that the momentum boundary layer thickness increases
with the increase in Lewis number (Le) as well as Soret number. The Lewis number
is a relative measure of kinematic viscosity and Brownian diffusivity. An increase in
Lewis number enhances the kinematic viscosity of the fluid, consequently
accelerating the momentum transfer in the boundary layer leading to increase in
velocity. In case of Soret number, Soret diffusivity coupled with higher temperature
difference between fluid and ambient temperature contribute to rise in temperature.
For validity of the result of the present study, figure 3 is compared with that of Ram
Reddy et al. It is observed that the profiles exhibit similar characteristics for S1=0.2,
1.0 and Le=1, 10. This is a particular case of agreement setting aside the other Figures
which also exhibit the same phenomena in respect of other parameters.

From figure 4 it is evident that an increase in Biot number (Bj) and mixed
convection parameter (1) enhance the velocity. The Biot number is the ratio of
momentum diffusivity through » and thermal diffusivity through k. Here, momentum
diffusivity is accelerated overriding the thermal conductivity of nanofluid, resulting
accelerated fluid motion.

Figure 6 illustrates the effects of Brownian motion (Nb) and thermophoresis
parameter Nt on temperature profiles. An increase in both Nb and Nt which leads to
increase the temperature indicating more diffusion of thermal energy in to the flow
domain. As we have defined the parameters Nb and Nt it is evident that those exhibit
the physical properties: such as solutal and thermal differences, Brownian diffusivity,
ratio of specific heat capacities of nanoparticle and fluid particle. It is revealed that
thermal energy is dissipated into flow due to concentration and temperature
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differences between boundary layers and corresponding ambient conditions as well as
Brownian diffusion coefficient and thermophoresis.
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Figure 5. Effects of M and Kp on temperature profiles

Figure 7 presents the effect of variations of Prandtl number (Pr) and Biot number
(Bi) on the fluid temperature. A fluid with higher Prandtl number has a relatively lower
thermal diffusion, resulting a decrease of temperature of the common fluid without
nanoparticle. It is interesting to note that the presence of nanoparticle has enhanced
the fluid temperature of low conductive fluid which is the main objective of the
present study. The case of Pr=1 represents the equality of momentum diffusivity and
thermal diffusivity resulting the coincidence of both velocity and thermal boundary
layers.
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Figure 6. Effects of N, and N; on temperature profiles
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Figure 7. Effects of P, and B;on temperature profiles

Figure 8 shows the effect of heat source/sink (Q) and Eckert number (Ec) on the
temperature profiles. Both the parameters enhance the temperature. The Eckert
number measures the energy dissipated due to work done to overcome the viscous
resistance and to produce heat energy to enhance the temperature in the flow domain.

From figure 9, it is seen that both radiation parameter R and mixed convection
parameter () decelerate the temperature in the region far off the bounding surface at
n=1 but the reverse effect is observed in the region close to the boundary. This shows
a transition in variation of temperature occurs due to mixed convection and thermal
radiation. The radiation effect in case of high temperature gradient and thermal slip



Thermal slip effect on MHD convective nanofluid flow 225

on the bounding surface are accounted for in the present study. Both the conditions
exert their effects in the layers close to the bounding surface.
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Figure 8. Effects of Q and Ec on temperature profiles
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Figure 9. Effects of 4 and R on temperature profiles

Figure 10 exhibits the effect of Soret number (St), affecting the diffusion of mass
due to temperature gradient and Sc, ratio of kinematic viscosity and solutal diffusivity
(Sc). The higher Sc representing heavier species which lowers down the concentration
level in all the layers whereas, reverse effect is observed in case of Soret number. The
increase in St is the outcome of increase in fluid temperature difference and Soret
diffusivity coefficient resulting a rise in concentration level.
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Figure 10. Effects of St and S¢ on concentration profiles

Figure 11 displays the effects of regular buoyancy ratio (Nc) and nanoparticle
buoyancy ratio (Nr) on concentration profiles. It is seen that nanofluid buoyancy ratio
commensurate with the concentration level where as regular buoyancy ratio acts
adversely. This shows that the presence of nanoparticle not only enhances the thermal
energy level but also concentration in the flow domain.
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Figure 11. Effects of Nc and Nr on concentration profiles

From figure 12, it is evident that Lewis number and mixed convection parameter
both reduce the volume fraction in the nanofluid flow. One striking feature of the
profile is that Le has a significant effect on volume fraction. For the high values of Le
equal to 5 and 10, the volume fraction decreases sharply where as for Le=1, slow and
uniform decrease is indicated.
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Figure 13 illustrates the effects of Brownian motion (Nb) and thermophoresis
parameter (Nt) on volume fraction profiles. A sharp fall in volume fraction is seen
with the variation of Nb and Nt baring some anomalies in case of slightly increased
value of Nt equals to 0.5, 0.9. The fall of volume fraction slows down for 0.6<7<1.9.
This indicates that increase in Brownian motion prevents higher energy exchange.
Further, it is seen that the increase in Le, due to rise in thermophoresis, prevents the

reduction of volume fraction.

To check the accuracy of the numerical method, the values of /”’(0) and -8°(0) are
compared with RamReddy et al., Makinde and Olanrewaju (2010) and Subhashini et
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al. (2011) in Table 1 and are found to be in good agreement.
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Table 1. Comparison of /”’(0)and -&’(0) for various values of Bi, A, Pr

Makinde and .

Olanrewaju Sul?hashml et RarInReddy et Present Study
Bi| 4| Pr (2010) al. (2011) al. (2013)

S70) | -00) | S0 | -00) | f0) | -0°0) | f7(0) | -0°(0)

0.0 |07 ] 0368 | 0.07/5 | 0.368 | 0.075 | 0.368 | 0.075 | 0.368 | 0.075
1 1 2 81 07 75 05 98 09 77 80
1.1 0. |07 | 0440 | 0.237 | 0.440 | 0.237 | 0.440 | 0.237 | 0.441 | 0.238
01 2 36 50 32 46 49 65 71 59
0. |1 |07 0632 | 0077 | 0.631 | 0.077 | 0.631 | 0.077 | 0.631 | 0.077
1 0 2 00 04 98 00 97 05 95 17
0.0 |30 0349 | 0.083 | 0.349 | 0.083 | 0.349 | 0.083 | 0.348 | 0.084
1 1 0 39 04 37 01 57 08 01 05
0.0 | 71| 0342 | 0086 | 0.342 | 0.086 | 0.342 | 0.086 | 0.342 | 0.086
1 1 0 70 72 70 70 89 74 65 20

Table 2 presents the skin friction coefficients, rates of heat transfer, nanoparticle
mass transfer, regular mass transfer for different values of the Soret number (Sy),
Lewis number (Le), Biot number (Bi), heat source/sink (Q). It is observed that all these
surface criteria, increase with St, Le, Bi, Q but decrease with the increasing values of
magnetic parameter (M) and nanoparticle buoyancy ratio Nr. Some specific
observations are laid down as:

Table 2. Values of skin friction coefficients, heat, nanoparticle mass and regular

mass transfer rates for various values of St, Le, Bi, Nr, M and Q when

Nc=Pr=4=1.0, Nb=Nt=0.5 and Sc=0.6

St|Le |Bi[Nr|M| Q| £ -0'(0) -5°(0) -r'(0)

02|10 |10]120| 0 | 0 | 1.637782 | 0.128809 | 0.500225 | 0.564563
02|10 |1.0|10| 0 |-0.2 | 1.499453 | 0.016111 | 0.480990 | 0.490874
02|10[10|20| 0 | 0.1 | 1718198 | 0.190961 | 0.511221 | 0.607181
02|10 ]10]10| 0 | 0.2 | 1.807602 | 0.258056 | 0.523294 | 0.654426
02| 10| 10| 10|01 | 02 | 1798612 | 0.257579 | 0.522028 | 0.653207
02| 1.0 | 1.0 | 10|05 | 0.2 | 1.614710 | 0.247029 | 0.494539 | 0.628525
02|10 | 10| 10| 1.0 | 0.2 | 1.303619 | 0.227553 | 0.439203 | 0.583739
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04] 10 (10|10 |10 | 0.2 | 1.307754 | 0.228142 | 0.446535 | 0.584779
10|10 |10 |10 1.0 0.2 | 1.322571 | 0.230018 | 0.446296 | 0.588282
10| 1.0 | 10| 10| 10| 0.2 | 1.774123 | 0.332384 | 0.518168 | 1.599425
10| 100 | 1.0 | 1.0 | 1.0 | 0.2 | 2.036420 | 0.533254 | 0.532938 | 3.633789
1.0 (100 | 10 | 1.0 | 1.0 | 0.2 | 2.238490 | 0.669274 | 0.552316 | 3.764444
10100 | 20 | 1.0 | 1.0 | 0.2 | 2.252150 | 0.678531 | 0.553697 | 3.773173
10| 100 | 20 | 0.5 | 1.0 | 0.2 | 2.387944 | 0.684565 | 0.555893 | 3.821201
10| 100 | 20 | 0.1 | 1.0 | 0.2 | 2.494677 | 0.698877 | 0.554634 | 3.852858

Table 3. Verification of skin friction coefficients, heat, nanoparticle mass and
regular mass transfer rates for various values of Nb, Nt, 4, Nc, M and Q when

Nr=Pr=Bi=S7=1.0, Le=10 and Sc=0.6

Nb[Nt[2 [Nc[M[Q [0 [-00 [-50) [-0)

01(01(10|10( O 0 2.222133 | 0.078336 | 0.473591 | 1.624380
01(01(10|10( O -0.2 | 2.154676 | -0.030159 | 0.444414 | 1.575723
01(01(10]10]| O 0.1 | 2.261109 | 0.137492 | 0.490673 | 1.652582
01(01(10]|10| O 0.2 | 2.304310 | 0.200498 | 0.508641 | 1.681904
01/01({10]10]01]| 0.2 | 2293675 | 0.200376 | 0.507656 | 1.679080
01/01({10|10]05]| 0.2 | 2.065333 | 0.197750 | 0.485660 | 1.615801
01(01|1.0|1.0| 10| 0.2 | 1.603554 | 0.192622 | 0.437091 | 1.468463
0501 |1.0|1.0| 10| 0.2 | 1.719824 | 0.326281 | 0.495968 | 1.504821
09(01(10|10 |10 0.2 | 1.812047 | 0.392078 | 0.545419 | 1.529423
09|05({10|10|10| 0.2 | 1.868138 | 0.375751 | 0.565924 | 1.610361
09109(10]|10]10]| 0.2 | 1.926220 | 0.355756 | 0.583878 | 1.695506
0909 |20|1.0| 10| 0.2 | 3.330341 | 0.479635 | 0.663230 | 2.017345
09(09|30|10| 10| 0.2 | 4557491 | 0.570684 | 0.721140 | 2.231159
09(09]30]|20 |10 0.2 | 7.022099 | 0.707463 | 0.808529 | 2.542765
09|09 (30|30]|10]| 0.2 | 9.287668 | 0.819497 | 0.874428 | 2.772878

(i) Positive values of -6’(0) show that the heat flows from bounding surface to the

fluid.

(ii) The rates of change remain positive in the presence/absence of heat source and

sink.
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(iii) The presence of magnetic field, nanoparticle reduce the surface conditions
particularly skin friction so that it enforces the stability of the flow.

Table 3 presents the same surface conditions (rate coefficients) as in Table 2 for
Brownian motion parameter (Nb), mixed convection parameter (1) and regular
buoyancy ratio (Nc). One interesting outcome is that in the presence of heat sink, rate
of heat transfer at the plate assumes negative values which indicate that the heat flows
from the fluid to the wall. Rates of change at the surface indicated in Table 3 increases
with the increasing values of all the parameters except the magnetic parameter having
opposite effect. This interesting result admits of a physical interpretation. For assigned
values of other parameters, both viscous and Ohmic dissipation in the flow are large
enough to override the effect of sink and hence heat flows from the fluid to plate.

5. Conclusion

From the present study the following conclusions are drawn:

(i) The induced electromagnetic force gives rise to thinner velocity boundary
layer and thicker thermal boundary layer.

(i) Soret diffusivity coupled with higher temperature difference between fluid
and ambient temperature contribute to rise in temperature.

(iii) Increase in Biot number and mixed convection parameter accelerates the
velocity.

(iv) In the presence of sink, the heat flows from the fluid to bounding surface.
This may be ascribed to significant heat generation due to viscous and Ohmic
dissipations in nanofluid flow.

(V) Increase in Soret number contributes to rise in solutal concentration.

(vi) The nanofluid buoyancy ratio commensurate with the concentration level
where as regular buoyancy ratio acts adversely in the flow domain.

(vii) For higher value of Lewis number sharp fall of volume fraction is indicated.

(viii) The increase in Lewis number favours higher exchange of energy to
prevent the reduction of volume fraction.

(ix) There is a good agreement of the present work with that of previous ones in
particular a case (Table 1 and Figure 3).

(X) Presence of magnetic field, i.e. diffusion of magnetic intensity and
nanoparticles, enforce the flow stability by reducing surface criteria, particularly,
the skin friction.
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Nomenclature

u, v velocity components in x and y directions respectively
X, Y co-ordinates along and normal to the plate
c constant

k thermal conductivity

Cx ambient solutal concentration

C solutal concentration

Pw nanoparticle volume fraction at the wall
S dimensionless concentration

i) nanoparticle volume fraction

Peo ambient nanoparticle volume fraction
Bi Biot number

M magnetic parameter

g acceleration due to gravity

S1 internal heat generation/absorption

Pr Prandtl number

Le Lewis number

Gry local Grashof number

Nux local Nusselt number

Nb Brownian motion parameter

Ds coefficient of Brownian diffusivity

Dy thermophoretic diffusion coefficient

hy convective heat transfer coefficient

Ds solutal diffusivity

Dcr Soret diffusivity

Om thermal diffusivity

Nc regular buoyancy ratio
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Nr nanoparticle buoyancy ratio

Nt thermophoresis parameter

n similarity variables

A mixed convection parameter

7 dynamic viscosity

) kinematic viscosity

S volumetric thermal expansion coefficient
Jits volumetric solutal expansion coefficient
i steam function

f dimensionless steam function

T temperature

7 dimensionless temperature

Ts temperature of the hot fluid

p density of the fluid

Te ambient temperature

Do density of the base fluid

Uso characteristics velocity

Pp mass density of the nanoparticle

St Soret number

Tw shear stress at the wall

Ec Eckert number

Q heat source/sink parameter

R radiation parameter

Kp porosity parameter

Sc Schmidt number

(pc)r  heat capacity of the fluid

Rex local Reynolds number

(pc)p  effective heat capacity of the nanoparticle
NSHy local nanoparticle Sherwood number
Shy local Sherwood number

On mass flux of nanoparticle at the wall

Om regular mass flux at the wall

Ow heat flux at the wall

J ratio between the effective heat capacity of the nanoparticle material and heat
capacity of the fluid

Subscripts

w wall condition

) ambient condition

C concentration

T temperature
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