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Abstract

The sufficient conditions for determining the non-singular H-matrices were given by applying
the theory of diagonally dominant matrix. Then, the results of a recent study were promoted and
improved with such conditions. Through the analysis of a numerical example, the proposed

conditions were proved as more applicable than those in the reference.
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1. Introduction

H-matrices have been extensively applied in fields like cybernetics, power system, economic
mathematics and elastic mechanics. However, it is very difficult to determine such matrices in real
practice. Much research has been done on the determination of H-matrices. For instance, Reference
[1] improved some existing determination results with a novel method. The determination

conditions were updated here to further improve the main results in Reference.

2. Analysis
Let M, (c)be a set of complex matrices of ordern, and N ={1,2,...,n}.

It is assumed that
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A=(a;)eM,(c). Ai(A):Z‘aﬁ‘.

N, ={ieN:0<|a|=A,(A)}
N, ={ieN:0<a;| <A (A)}
N

c=lieN:[a,|> A, (A)

It is clear that N =N, UN, UN, and N,(N, N, =.

Suppose A:(aij)e M, (c). If |a;|>A;(A) and VieN , then A is a strictly diagonally

dominant matrix and A€ D . If there exists a diagonally dominant positive-definite matrix X such
that AX € D, then A is a generalized strictly diagonally dominant matrix (i.e. A is a non-singular

H-matrix), denoted as AeD.
It is well known that if A is a non-singular H-matrix, there is at least a strictly diagonally

dominant row, i.e. N, = . Given that N, (1N, =&, it is possible to derive that A< D . Hence, it
is assumed that N, (1N, =& and N, =& in this research. The diagonal elements of the matrices

here are set to nonzero because none of the main diagonal elements in a non-singular H-matrix is

Z€ero.
Definition 1

Assuming that A=(aij ) e M, (c) is an irreducible matrix satisfying |a;|> A, (A)(ieN), and
that at least one strict inequality holds, A is an irreducible diagonally dominant matrix.

Definition 2

Suppose A=(aij)e M, (c) satisfies |a;|>A;(A)(ieN), and at least one strict inequality
holds. For the i that is true for each equation, if there exists a chain of nonzero elements

a;a,;; ---a; ; #0 suchthat ‘ajkjk ‘ >A (A) then A is a diagonally dominant matrix with a chain

of nonzero elements.

Lemma 1
Assuming that Az(aij)e M, (c) if Ais an irreducible diagonally dominant matrix, then A

IS a non-singular H-matrix.

Lemma 2
Assuming that A=(a;)e M, (c), if A is a diagonally dominant matrix with a chain of
nonzero elements, then Ais a non-singular H-matrix.
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Reference gives the following definition when A=(a;)eM, (c):

2o la+ 2 Jau

r = max teN; teN,
N |y |- D fay]
teN;
ti
)=>"lad+ Dl +r Y] |l ( ) and proposes the following theorem:
teN; teN, teN;

t#i

Assuming that A=(a;)e M, (c), forany ieN,, there is

@l > — Z|an|+2|an| Z| and [a;| = > [a,|, VieN,,

|:teN1 teN, (A teN, | teN;

t#i

A, (A)

then A is a non-singular H-matrix.
To improve the theorem, a new set of sufficient conditions were provided with a wider

determination scope. For this purpose, it is defined that:

M:max{m(*‘) a A )}

A(A) T a

JJ‘

Ay
M2|a.t|+2|a.t| o l |
teN; teN,
-l

teN;
t=i

=M la]+ 2 [l XA\(A) R fayl (i

teN; teN, teN3
ti

K =max
ie3

By the definitions above, 0< <1,k <r.SinceVie N;, there is R (A)<P(A)
Theorem 1

Assuming that A=(a; ) e M, (c), and for anyi e N,, there is
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|a;| >
A,

al+ >y |a |a“| a R‘
A M T L e B

teN; teN, teNg
ti

and [a;|# > |a,|, Vie N, then A is a non-singular H-matrix.

teN;
t#i

Proof:
By the definition of K, it is obtained that:

Klag| =M Yoy [+ 3 fa [ 22 AL 'a“ Y la =R (

teN; teN, teNg
t#i
Hence
R (A)
K> N
o (ieN,)

The following can be derived based on equation (1):

|a“| Au(A MZ|alt| ZMJ%;)LM Z|a|R|‘(|)

teN; teN, teNy
t#i

Whereas R (A)<A;(A) and M > ——~ A (A) under Vie N,, there is

Equations (3) and (4) demonstrate the existence of the sufficiently small

M >R|iaLﬁT‘)+8(i eN,;)
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AA
N e eI < e MM LB X ®

A| (A teN; :eNz teN; teN;
Let us construct a diagonally dominant positive-definite matrix X =diag (X, X,,...x, ), where
M ieN,;
X, = A(A)-fal ieN,
A(A)
R(A) +&, 1eN,
2|
LetB=AX =(b;) .
Whereas MZM (ieN,) andM >R(A) (ieN,), forvieN,,
Ad(A) &
A,
=M > la,|+ D |a + a
Sles e AR, 3 25D

ti

<MY Ja [+ M D [a [+ M D [a| =MA,; (A) =M|ay| = [o;]

teN; teN, teN,
ti

According to equation (6), for Vie N, ,

)=M T laf+ ¥ A"zm{|R y

teN; teN, teN,
ti

~u Tl T A Se B s

teN; :eNZ teN; teN;
<Ml T AL 3 B g LR
teN; :ENZ A teN; At (A)
A(A) -]
M - t _|b.
S-SRl sia B m O],

t#i
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Whereas K > '( ) ,for VieN,,

Al
m=mzmwzmﬁﬂﬁiﬂ+zm{R“hﬂ

A A
1 2 3
teN teN t teN a[t
t#i

MY Ja s Y AL 5 RO o3l

teN; teN, A ’[EN3 | ’[eN3

SOVUELms zmﬁ +oYfa

teN; teN, teN; teN3

<M2|an|+2|an| (A) +K2|a.t|+82|an|

teN; teN, :eNe, {eN3
#1 #1

(N EM

ti

R (A)+eY fa] <R (A)+elay :|a"|[Ri (#) ”j Jby|

By the theorem condition [a;| = > _|a,| (VieN,), for Vie N, there exists t e N, UN, such

teN;
ti

that a, = 0. In other words, for any vertex in N, that satisfies |b;|=A;(B), there is b, 0 such
that [b,| > A, (B).
To sum up, B is a diagonally dominant matrix with a chain of nonzero elements. According to

Lemma 2, B is a non-singular H-matrix, which, in turn, proves that A is a non-singular H-matrix.

Note: Under 0 <M <landVie N,, there is:0 < Rii'?) < P'|§A|‘) <1,

Condition (1) of Theorem 1 contains the Condition (2.1) of Theorem 1 in Reference, indicating
that the main results of Reference [1] have been improved. The improvement was validated by the

numerical example in the subsequent section.

Theorem 2

Suppose A=(a;)eM, (c) is an irreducible matrix. If, for any i e N,, there is
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A) a, Rt
G Mz|a.t|+z|a.t| ' Ly, R ™
) i teN; ’EENZ At ( teNg |

3| > ————
A,

and at least one strict inequality holds in Equation (7), then A is a non-singular H-matrix.

Proof:
According to Equation (7), there is
A a;

a2 v S s Sla AL 5

S
A| ( teN; teNZ teN; |att|

ti

(8)

Let us construct a diagonally dominant positive-definite matrix X =diag(x,,X,,...X, ),

where
M ieN,
X = Ai(A)—[a| icN,
A (A)
Ri(A), e N,
la

Let B = AX :(b,j)nxn.Whereas M ZM(tENZ), M > Rt(A)(teNg) ,for VieN,

A (A
)-m Sl S S B < S e S S

teN1 teN, teN; teNl teN, teN;
t#i

=MA, (A): M |a1i| :|b|i|
According to Equation (8), forVie N,
an A Ai A)- a;
R N
t i

teN; teN, (A) teN,

ti
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Since at least one strict inequality holds in Equation (7), there exists i, € N, such that

> A, (B). Whereas K > '(A)(ieN3),for VieN,,

a
AB =M faf+ 3 oy Al 51 R(A)

teN; teN, (A) tEN3 |a[t|

b

loly

<M Tl Tl A s ) - () - B

teN; teN, teN;
ti

The irreducibility of Areveals that B = AX is irreducible. According to Lemma 1, B is anon-
singular H-matrix. Therefore, it is concluded that A is a non-singular H-matrix.

Theorem 3

Assuming that A=(a; ) M, (c) and |a;|= >_[a,|(VieN,). If, for VieN,, there is

teN;
t#i

i M S 3 R 5 R

i ) |a||| teN; teNz teN,

and for the i that is true for Equation (8), there exists a chain of nonzero elements

a;a,,; ..-; ; =0 suchthat
1 h2 Je-1 )k

A
aul> A S g [ 3o AA T

Ad(A)-lag]| & (<N, (A

L3 g A a |

then, A is a non-singular H-matrix.
Proof:

Let us construct a diagonally dominant positive-definite matrix X similar to the proof of

Theorem 2. It is easy to prove that, for VieN , there is |b]>A;(B) and
J(B)= { eN|b,|> A (B )};t@,and, for vertex isatisfying |b,|= A, (B), there exists a chain of

nonzero elements b_a a ;# 0 suchthat ieJ (A) That is to say, B is a diagonally dominant

I —nr, 0
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matrix with a chain of nonzero elements. According to Lemma 2, B is a non-singular H-matrix.
Therefore, it is concluded that A is a non-singular H-matrix.

Note: It is clear that Theorems 2 and 3 here contain Theorems 2 and 3 in Reference [1].

3. Numerical Example

The following matrix is taken as an example:

10

>

Il
R P, O DN W
O B AP
R O © O K
R © B P O

In this case, N, ={1,2} , N, ={3} , N, ={4,5}

Whereas|a,,| =3 Y |a,|=1,|a,|=4# D_|a,|=2

51 oo
62 56
Ay (A) R(A) ,_ (R(A)|_./3 63,63 240
— M _3| 2,863,863, 10 (=5 (8-
A, A)_|a33| (|aal|+|agz|)+|a34| |a44| +|a35| |a55| 7+ 9 + 7 X 567< |333|

Hence, Asatisfies the condition in Theorem 1, indicating that it is a non-singular H-matrix.

Whereas
7 7
Ay (A) ( P.(A) PS(A)] 3 1023 |_1a7
————— |88, |+ 8y +|a, =3|1+=2+10x=|=13—->8=|a
N L e e 3+10x3|-137>8=ay|

Thus, it is impossible to determine A with the theorems in Reference [1].

4. Annex
The M,k,R,(A),R;(A),P,(A),R,(A),r inthe example are calculated as follows:

Whereas
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As(A)_|ass|_1 A4(A) l As(A):§
A, (A) 3 law| 3 |as| 7
Thus
" _maX{A,(A)|a“| AJ(A)}§
Nl A(A) ‘ajj ‘ !
Whereas
A (A)—
M(|a41|+|a42|)+|a43|W_3x2_i
EMEEM 9-1 28
Ay (A)-as|
M 3 3 3 1
|ass| —|us| 6 63
Thus
M Yo+ X [a| 1]
K= ieN; ieN,
fia a, 2|a.t|
IeN3
t=i
8
R4 (|a41| |a42|)+K|a45|_ @:_3
] (W)l o 3,01, B 56
_M(|a51|+|a52|)+|a53| A (A) +Kag,| = +1><3+63 xl="2 5
Whereas

|+ | + [ _
|a44| o |a45|

_2_ 1
8 4
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|as,| +]as | +]as] 2 1

I =max

|a55|—|a54| _8_5

Thus

Z|an|+2|an| 1

ieN; ieN,

1<Ns |aii|—Z|ait| 3

ieN;3
ti

Py (A) =R+l e+ las| =2+ S =2

Py (A) =l + o+l o = 245 = £
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