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 The goal of this paper is to investigate the influences of Nanoparticles volume fraction, 

Nanoparticles shape, amplitude and wavelength of wavy surface, Hartmann number and the 

Angle of magnetic field on the Nusselt number, Bejan number and the entropy generation rate 

in a wavy wall cavity, numerically. The nanoparticles are considered Fe3O4 which are magnetic 

in presence of magnetic and the base fluid is considered as a power-law non-Newtonian 

nanofluid which its density variation is approximated by the standard Boussinesq model. The 

wavy wall is maintained in low temperatures while the right wall has high temperature and 

up/down walls is insulated. The problem is solved by finite element method using FlexPDE 

commercial code and found that the highest average Nusselt number is observed for the 

Nanofluid with brick shaped particles; however, the Nanofluid with spherical shaped particles 

is found to have the lowest Nusselt. Furthermore, Minimum and maximum Bejan numbers 

were observed for brick and spherical nanoparticles, respectively.  
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1. INTRODUCTION 

 

The interesting concept of convection flow in a cavity with 

horizontally sliding walls are mostly designed to simulate 

lubrication problems, develop new techniques of electronic 

cooling and they even have been found to be useful for some 

applications in the field of engineering [1-5]. Here some of 

these valuable studies are reviewed. Mohyud-Din et al. [6] in 

an analytical study, considered the three dimensional heat and 

mass  transfer with magnetic effects  for the flow of a nanofluid 

between two parallel plates in a rotating system. As one of 

their main outcomes, thermophoresis and Brownian motion 

parameters are directly related to heat transfer but are inversely 

related to concentration profile. Khan et al. [7] computed and 

examined the effects of different parameters on the velocity, 

temperature, skin friction coefficient and Nusselt number of 

nanofluid flow. 

Once used for heat transfer purposes, conventional fluids 

for example water, ethylene glycol, and oils are proved to have 

a rather lower thermal conductivity than many of so called 

Nanofluids. These are fluids with certain amount of metal 

nanoparticles in them, to which researchers have increasingly 

grown interest regarding their potential use for heat transfer 

without inducing significant drop in the pressure [8-14]. 

Milani Shirvan et al. [8-10] simulated the nanofluid heat 

transfer in pipe, heat exchangers aand solar cavities using 

finite volume method (FVM). Fakour et al. [11] used the 

weighted residual methods and Ghasemi et al. [12] used 

efficient analytical methods for the nanofluid modeling. To 

optimize the results of the modeling, Rahimi-Gorji et al. [13] 

and Mamourian et al. [14] applied the Response Surface 

Methodology (RSM) on the obtained results. Versus the most 

studies presented here, Kefayati [15] modeled the non-

Newtonian nanofluid flow in a square cavity and investigated 

the power law index on the viscosity on the results.  

One of the recent works on the use of Nanofluid as a heat 

transfer medium in the major context of mixed heat transfer is 

that of Shermet and Pop [16]. They tried to numerically 

simulate the Nanofluid mixed convection in a lid driven box 

cavity utilizing Buongiorno's model. A few variables as an 

example the Grashof, Reynolds, Lewis and the Prandtl 

numbers, Brownian motion, Thermophoresis, Buoyancy ratio 

and the moving variables on the mean and local Nusselt 

numbers and the mean and local Sherwood numbers were 

studied in this paper. Another research which investigated heat 

transfer characteristics in a lid driven cavity has been done by 

Ghaffarpasand [17]; he investigated the impact of Joule 

heating and Lorenz force on MHD natural convection in a 

Nanofluid filled lid driven cavity. The Nanofluid in this 

numerical experiment was water containing Fe3O4 particles. 

He found that increasing each or both Hartmann or Eckert 

numbers would result in reduced heat transfer rate. Hussain et 

al. [18] surveyed the entropy generation rate in a double lid 

driven Nanofluid filled cavity. In this numerical modeling the 

cavity was partially heated and under an inclined magnetic 

field. In a further study, Hussain et al. [19] studied the impact 

of the magnetic field inclination angle changes on heat transfer. 

Modeling conditions were the same as their previous 

numerical study [18] and heat transfer parameters including 

the mean Nusselt number, entropy generated rate by heat 

transfer, total entropy generation, Bejan number, Kinetic 

energy, fluid friction and magnetic field were calculated 

against different inclination angles. A quite interesting 3-D 

numerical modeling of heat transfer was held by Ghachem et 

al. [20]. They have successfully tried to calculate local and 

mean Nusselt numbers and Sherwood number. They have also 

presented particle trajectories, isotherms and iso-

concentrations. Rahmati [21] considered the mixed convection 
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heat transfer of water with Cu particles as Nanofluid in a 

double lid-driven cavity, modeled by Lattice Boltzmann 

method. He has concluded that for all thermal phase deviations, 

heat transfer and Nusselt number would enhance as the 

Richman number decreases. In a similar study by Jmai et al. 

[22] the effect of different walls velocity ratios on heat transfer 

were investigated. They modeled a double lid driven 

Nanofluid filled cavity and impose partial heating to analyze 

mixed convection. They found that adding Nanoparticles 

would indeed increase the heat transfer, which would be 

accentuated as the Richardson number is reduced. Kareem et 

al. [23] used a 2-D model to numerically investigate mixed 

convection in a trapezoidal cavity filled with different 

Nanofluids. Cheng and Liu [24] modeled a lid driven filled 

with air cavity to study the impact of cavity inclination angle, 

Richardson number and aspect ratio on heat transfer. They 

deduced that with a flow in the dominated regime of forced 

convection, heat transfer was not affected by the inclination 

angle. Ismael et al. [25] numerically modeled a lid driven 

partial slip square cavity. The results suggested that the 

convection parameters would decline at certain critical values 

of partial slip parameters. Another useful work is that of 

Muthtamilselvan and Doh [26] through which they have 

modeled mixed convection in a square lid driven cavity that 

contained water and Cu particles as Nanofluid with non-

uniform and uniform heated bottom wall. There have been 

many other researches on the Nanofluid such as Refs. [27-34]. 

Some other studies on the entropy generation and flows with 

heat transfer, which we regard them as natural and forced 

convection, could be found in the works of Haddad et al. [31], 

Khalkhali et al. [32], Abu-Hijleh et al. [33], Abu-Hijleh and 

Heilen [34] and Mahmud and Island [35]. 

This brief explore through the literature shows that there 

have been a lot of researches on the natural convection, 

especially modeled Newtonian fluid in the square cavities, but 

the study of wavy wall and non-Newtonian nanofluid has been 

less appealing to the researchers. Hence we presume it is 

useful to study the effective parameters of which the natural 

heat transfer rate is most likely affected, with considering the 

total entropy generation rate (SS
∙ ), mean Nusselt number (Nu) 

and Bejan number. The geometry of the model is a square 

cavity. It's fully insulated bottom and top walls, the right side 

wall of the cavity is fixed in place and assumed to remain at a 

fixed hot temperature during the investigation. The Left side 

wall is a wavy surface and imposes a cold temperature. These 

parameters are to be recorded as the results of this numerical 

analysis:  the Fe3O4 Nanoparticles volume fraction, amplitude 

of the wavy surface through the left wall and the Hartmann 

number and angle of magnetic field. Also, it is reported the so 

far less investigated Nanoparticles shape impact on the 

entropy generation rate and heat transfer. 

 

 

2. PROBLEM STATEMENT 

 

Fig. 1 indicates the geometry of the studied wavy wall 

square cavity. The left wavy-walled is in cold temperature (TL) 

and a constant hot temperature (TH) is applied to the right flat 

wall. Two insulated bottom and upper flat walls are considered 

fixed in their position. The cavity is filled with a non-

Newtonian shear-thinning nanofluid of Fe3O4/non-Newtonian 

in the presence of a magnetic field where the pertinent 

thermophysical properties are given in Table 1. A magnetic 

field with angle (γ = 0, 30 and 60˚) has been applied on the 

flow. The flow is incompressible, steady, and laminar. The 

density variation is approximated by the standard Boussinesq 

model. A non-dimensional cosine function is used to simulate 

the wavy wall as shown on figure where Am is the wave 

amplitude.  

 

 

 
 

Figure 1. Schematic of the wavy wall square cavity and 

generated mesh 

 

Table 1. Thermo-physical properties of nanoparticles  

 

 ρ Cp k β σ 

Fe3O4 5200 670 6 1.3×10-5 25000 

 

 

3. MATHEMATICAL MODELING 

 

In this study, the temperature and velocity fields in wavy 

square cavity of Fig. 1 are obtained utilizing the continuity, 

Navier-Stokes and energy equations. Therefore, the governing 

equations simplicity is performed considering the following 

assumptions: 

- The flow is incompressible and Nanofluid is power-law 

non-Newtonian. 

- There is no relative movement between fluid and Fe3O4 

particles and thermal equilibrium exists between them. 

- The temperature and velocity fields are laminar, steady 

state and 2-D. 

- The effects of radiation and viscous dissipation are 

neglected. 

 

3.1 Governing equation of heat and mass transfer  

 

The governing equations (continuity, momentum and 

energy equations) and definition of dimensionless variables 

can be derived as follows based on above assumptions [15].  

510



 

0
v u

y x

 
+ =

 

                                                                           (1) 

 

( )

2 2

2 2

2 2

1

sin cos sin

nf

nf

nf

P u u
u u x x yv u
y x

B v u  

    
− +  + +       + =    

      −
 

                (2) 

 

( )

( )

2 2

2 2

2 2

1

sin cos cos

nf nf nf c

nf

nf

P v v
g T Tv v y x yv u

y x
B u v  

    
− +  + +   − +       + =    

      −
 

(3) 

 

( )
2 2

2 2p nfnf

T T T T
C v u k

y x x y

     
 + = +  

      

                                   (4) 

 

Additionally, in order to dissolve the governing equations, 

the Nanofluid effective properties are needed, which are given 

as 
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For all the nanoparticles, the Hamilton equation is used to 

calculate the thermal conductivity of nanofluid 
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Here, for spherical nanoparticles m=3. For other 

nanoparticles shape, m can be calculated from following 

equation and Table 2. 

 

Table 2. Constant of Eq. (13) 

 

Nanoparticle Shape ψ 

Spherical 1 

Platelet 0.52 

Cylindrical 0.62 

Brick 0.81 

 

3
m


=                                                                                (13) 

 

N is the consistency coefficient and n is the power-law index. 

Therefore, the deviation of n from unity indicates the degree 

of deviation from Newtonian behavior. With n≠1, the 

constitute Eq. (11) represents pseudo plastic fluid (n<1) and 

for (n>1) it represents a dilatant fluid, respectively.   

Boundary condition of the problem is: 
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The following dimensionless variables are introduced: 
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Using Eq. (15), Eqs, (1)-(4) can be written in dimensionless 

form as  

 

0
V U

Y X

 
+ =

 

                                                                       (16) 

 

With dimensionless parameters 

 

( )

( )
( )

2.5

2
2

2.5

Pr 1
2

1

Pr 1
sin cos sin ,

1

f f f

nf

nf f

nf f

U U P U U V
V U

Y X X X N X Y N Y XRa

Ha
V U

Ra

 



  


             
+ = − + + +     

         −     

  
                          + − 

  −  

 

                                                                                           (17) 

 

( )

( )
( )

( )

2.5

2
2

2.5

Pr 1
2

1

Pr 1
sin cos cos Pr

1

f f f

nf

nf f nf

nf f nf f

V V P V U V
V U

Y X Y Y N Y X N Y XRa

Ha
U V T

Ra

 




  

 

             
+ = − + + +     

         −     

  
                          + − + 

  −  

 

                                                                                          (18) 

 

( )

( )

2 2

2 2

1

nf

f

p nf

p f

k

k
U V

X Y X YCRa

C

 
 
        
 + = + 

      
 

 
 

                                (19) 

 

( )

( )

3

, Pr , ,
f f H C f f

f

f ff f

gL T T
Ra Ha LB





 −  
=   =   =   

 

          (20) 

 

Insulated walls:   0,      0

Wavy wall:          0,        0

Right wall:          0,        1

T
U V

Y

U V T

U V T


= = = 


= = =

 = = =



                                       (21) 

 

3.2 Entropy generation 

 

In the studied problem, the irreversibility is generated 
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through heat transfer, fluid flow and magnetic field. As a result, 

the total entropy is the sum of irreversibilities due to thermal 

gradients, viscous dissipation and the magnetic field as follows 

[15] 

 

S F T GS S S S= + +                                                              (22) 

 

where the entropy generations due to fluid flow (SF), the 

magnetic field (SG) and heat transfer (ST) are calculated as 

follows 
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An important measure of the entropy field is Bejan number 

(Be) which is defined as the ratio between entropy generations 

due to heat transfer irreversibilities to the total entropy 

generation as follow 
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The total dimensionless entropy generations and the 

average Bejan number are obtained by numerical integration 

of the local dimensionless entropy generation over the entire 

cavity volume. It is given by: 
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The local and the average Nusselt numbers at the wavy wall 

with the utilization of the dimensionless parameters are [15] 
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And the average Nusselt number on surfaces 

 

 

4. NUMERICAL METHOD AND VALIDATION 

 

 

 
Figure 2. Validation results 

 

To solve the dimensionless governing equations 

numerically, the finite element method (fem) is employed 

using flexpde commercial code. In addition, the summation 

residual convergence criterion is considered to be less than 10-
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4. to validate the independence of the grids, the num of the 

wavy wall is considered as the criterion; and three different 

geometries of wavy walls with amplitude of am = 0.1, 0.2 and 

0.3 are considered. Fig. 1 indicates the geometry, boundary 

conditions and generated mesh. To validate the nanofluid in 

free convection condition, a comparison is performed among 

the present study results and reference [15] in fig. 2 where a 

good agreement is observed with the results stated in kefayati 

[15]. 

 

 

5. DISCUSSION AND RESULTS 

 

As explained in introduction section, this study aims to 

investigate the natural convection in a wavy wall square cavity; 

the cavity is filled with Fe3O4 –non-Newtonian Nanofluid; and 

the goal is to find its best heat transfer performance with the 

least possible amount of entropy generation. Table 1 indicates 

the thermo-physical properties of Fe3O4 Nanoparticles 

properties.  

The following dimensionless parameters are considered in 

this study: 

- Nanoparticles volume fraction (φ): changes from 2% 

to 6%. 

- Hartmann number (Ha): changes between 20 to100. 

- Angle of magnetic field (γ): varies from 0 to 60. 

- The amplitude of the wavy wall (Am): varies from 0.1 

to 0.3. 

- The nanoparticles shape: platelet, cylindrical, 

spherical and brick shapes 

Fig. 3 indicates the streamline and isotherm contours in the 

three different geometry of the cavity. The contours have been 

traced for the Rayleigh number of 10000, Ha=20, n=1, γ=0, 

and spherical Nanoparticles with φ=2%. As seen, in all 

temperature contours the left wavy side is cooler and right wall 

is in hot temperatures due to boundary conditions. By 

increasing the Am, peak of the wavy shape will be near to 

center of the cavity or more near to hot wall, it causes a 

separation in the natural flow pattern in the streamline while 

for Am=0.3 the separation of stream lines completely occurred 

to two different areas. Also, in temperature contours it causes 

colder temperatures in the center cavity due to cold 

temperature of the wavy wall. Fig. 4 shows the effect of this 

parameter on the details of entropy generation components, i.e.: 

entropy generations due to fluid flow (SF), the magnetic field 

(SG) and heat transfer (ST). Because the main mechanism in 

this problem is heat transfer (due to natural convection), the 

entropy generations due to heat transfer (ST) has more changes 

while entropy of fluid flow (SF) is the least. The entropy 

generation is also a function of shape of cavity due to different 

in irreversibility of heat transfer for each geometry. To have a 

good comparison, Figs. 5 are depicted and confirm that 

increasing in Am, makes a significant increment in the all 

entropy generation components. Also, it improved the Nusselt 

and Bejan numbers which says better heat transfer and more 

ST, respectively.  

To show the effect of the magnetic field angle applied to the 

geometry Fig. 6 and 7 are depicted for the 

temperature/streamline and entropy generation components, 

respectively. It is observed when the magnetic angle is not zero; 

the streamline cavity also has a slope in relation to the 

magnetic angle due to effect on nanoparticles (which are 

magnetism). Also, the most difference in entropy generation 

components occurred for SG which shaped in the form of 

applied angle to the magnetic field. Fig. 8 says that increasing 

the γ averagely increases the entropy generation and Nusselt 

number, while it decreased the Bejan number, averagely. 

Decreasing the Bejan number means that ST growth is smaller 

than total entropy generation rate. Another parameter of 

magnetic field effect is Hartmann number (Ha) which its effect 

on the results is presented via Fig. 9 and 10. Increasing in 

Hartmann makes a separation on the streamline and two 

centers of created vortexes have more tendencies to be near to 

walls due to nanoparticles motions in this situation. Fig. 11 

confirms that increasing in the Ha, make a reduction in average 

Nusselt number and increase in Bejan numbers due to 

increment in irreversibility of heat transfer. 

Effects of nanoparticles volume fraction on the results are 

depicted in Fig. 12, 13 and 14. When the nanoparticle volume 

fraction increases, the generated entropy will decrease due to 

more dense fluid. Furthermore, increasing the φ, caused an 

increase on the Nusselt number due to more heat transfer 

mechanism by larger nanoparticles volume fraction and it will 

increase the ST which leads to increase in Bejan number by 

refer to its definition.  

Finally, the effect of four nanoparticles shapes (platelet, 

cylindrical, spherical and brick shapes) on the outcomes are 

presented in Figs. 15, 16 and 17. It is found that brick-shaped 

nanoparticles generate the most entropy while the cylindrical 

one has the least. Furthermore, this shape of nanoparticle has 

the maximum average Nusselt number and minimum Bejan 

number, while spherical shape of nanoparticles has the 

minimum Nu and maximum Be number among the other 

nanoparticles.  

 

 Temp. Stream Line 

Am=0.1 
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Am=0.2 

  
Am=0.3 

  

Figure 3. Effect of Am on temperature and streamlines 
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Figure 4. Effect of Am on entropy generation terms 
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Figure 5. Entropy generation parameters, Bejan and Nusselt numbers in different Am 
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γ=60 

  

Figure 6. Effect of γ on temperature and streamlines 
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Figure 7. Effect of γ on entropy generation terms 
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Figure 8. Entropy generation parameters, Bejan and Nusselt numbers in different γ 
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Figure 9. Effect of Ha on temperature and streamlines 
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Figure 10. Effect of Ha on entropy generation terms 

 

  

 
Figure 11. Entropy generation parameters, Bejan and Nusselt numbers in different Ha numbers 
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 Temp. Stream Line 
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Figure 12. Effect of phi on temperature and streamlines 
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Figure 13. Effect of phi on entropy generation terms  

 

  

 
Figure 14. Entropy generation parameters, Bejan and Nusselt numbers in different φ 
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Brick 
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Figure 15. Effect of ψ on temperature and streamlines 
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Figure 16. Effect of ψ on entropy generation terms 
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Figure 17. Entropy generation parameters, Bejan and Nusselt numbers in different nanoparticle shapes  

 

 

6. CONCLUSIONS 

 

In present investigation, natural convection in a Nanofluid 

filled square wavy-walled cavity was studied numerically. In 

this simulation, the impacts of the Nanoparticles shape and 

volume fraction, the wavy surface amplitude, Hartmann 

number and magnetic angle on the entropy generation and the 

mean Nusselt and Bejan numbers are studied. The results 

obtained are summarized as follows: 

- The average Nusselt number enhances with the wave 

amplitude (Am). Additionally, Am improved the 

Nusselt and Bejan numbers which says better heat 

transfer and more ST, respectively.  

- The highest average Nusselt number is observed for the 

Nanofluid with brick shaped particles; however, the 

Nanofluid with spherical shaped particles is found to 

have the lowest Nu.  

- Increasing the angle of magnetic field (γ) averagely 

increases the entropy generation and Nusselt number, 

while it decreased the Bejan number.  

- Increasing the Hartmann number, make a reduction in 

average Nusselt number and increase in Bejan number 

due to increment in irreversibility of heat transfer. 

- Minimum and maximum Bejan numbers were 

observed for brick and spherical nanoparticles, 

respectively.  
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