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The present paper proposes new international portfolio optimization problems when the
foreign exchange rates and the future security prices are modelled by uncertain
variables, given by experts’ estimations and predicted by experts instead of historical
data. The use of uncertain measure is justified. We provide Mean-VaR models for
international portfolio Some real-world constraints such as portfolio diversification and
transaction costs were taken into consideration. In addition, equivalent deterministic
forms have been proposed when security prices and exchange rates follow certain types
of uncertainty distributions. Finally, numerical applications are given to establish the
impact of reality factors considered on uncertain international portfolio investment.

1. INTRODUCTION

The portfolio optimization has attracted attention of several
researchers and investors. It is a robust tool of risk
management and capital allocation to a number of securities in
order to capture the trade-off between return and risk [1-4].
The first mathematical optimization problem for portfolio
selection was proposed by Markowitz [5], in which expected
value and variance was employed to represent security return
and security risk respectively.

Despite the fact that variance has been widely employed by
researchers as risk measure, it presented several gaps [6]. For
example, it considers extremely low and high extremely
returns equally. They make no distinction between gains and
losses. To overcome these limitations, researchers proposed
others risk measures like downside risk measures [7-9]. Notice
that a downside risk measure takes only the negative
deviations from the expected level into account. It would also
lead decider make proper choices for international portfolio
selection [10]. In addition, in 1995, Bank JP Morgan [11]
introduced the famous risk measure Value at Risk (VaR). This
new indicator is quickly considered a standard in the
assessment of financial risks. Value-at-Risk represents the
maximum potential loss when o percent of the right tail
distribution is ignored. Several researchers studied Value at
Risk measure and proposed some models for portfolio
optimization such as in studies [12-14].

In these studies, security returns are predicted from the past
data and treated by random variables. It's known that scholars
use probability techniques when the real frequency
distributions are close enough to historical data. While, in
some situations, unexpected events occur. For instance,
unexpected events of companies or lack of data about newly
listed stocks lead practitioners to be convinced that the
historical data of security returns cannot well reflect their
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future returns. and not believe on probability theory [15]. To
overcome this gap, Liu [16] proposed uncertainty measure to
measure subjective estimation, based on Uncertainty theory. It
was refined in 2010 by Liu [17]. The introduction of
uncertainty theory has become a good tool to help make
decision. This is the principal reason for the increasing number
of portfolio selection researches over the past few decades.
Huang [18] discusses a portfolio optimization problem in
which security returns are given subject to experts’ estimations.
The method to obtain the uncertainty distributions of the
security returns based on experts’ evaluations is given. Huang
proposed, in the first time two models, mean—variance and
mean—semivariance models. In addition, a hybrid intelligent
algorithm for solving the optimization models is given. Ning
et al. [19] employed Tail value at risk as an investment risk
measure and presented a new mean-TVaR model for portfolio
optimization with uncertain returns of securities. Equivalent
models are proposed in which securities returns are chosen as
some special uncertain variables such as linear uncertain
variables, zigzag uncertain variables and normal uncertain
variables. Yin et al. [20] presented three uncertain portfolio
optimization problems when security returns are modeled by
uncertain variables based on the cross-entropy of uncertain
variables. The goal of the cross entropy model is to minimize
the divergence of the uncertain investment return from a prior
one. To solve the proposed models, the gravitation search
algorithm and numerical integration are introduced. Liu and
Qin [21] defined uncertain mean-semi-absolute deviation and
employed it as investment risk measure in the proposed
models. Qin et al. [22] suggested an uncertain portfolio
adjusting model using semi-absolute deviation in the
framework of return-risk trade-off. Before this work, there was
no paper considering bi-objective portfolio optimization
problems with uncertain returns using semi absolute deviation
to measure risk. Equivalent deterministic models are given by
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further providing various uncertainty distributions. Huang and
Zhao [23] discussed the Mean-chance model for portfolio
selection based on the uncertain measure. This paper proposed
a portfolio optimization problem in which security returns are
given by experts’ evaluations instead of historical data. A
method for evaluating security returns based on experts’
estimations is proposed. Authors employed the chance risk
measure and introduced a mean-chance model for portfolio
selection taking transaction costs and investors’ preference on
the total number of the selected securities in the portfolio and
the minimum or the maximum investment proportions on
securities. A genetic algorithm is presented to solve the
proposed models. In their uncertain models, Zhai and Bai [24]
presented Mean-variance portfolio optimization problem
taking into account liquidity, transaction cost, and background
risk based on uncertainty theory. Equivalent forms of the
model and a hybrid intelligent algorithm are provided to solve
it. The impact of liquidity and background risk on the portfolio
is demonstrated. The problem of capital budgeting of projects
is to decide which of the available investment opportunities a
firm should accept and which it should reject. Based on
experts' evaluations to model investment parameters, Huang et
al. [25] proposed mean-risk index model for optimal project
selection. Xue [26] suggested uncertain Portfolio Selection
with Mental Accounts and Realistic Constraints.

In reality, portfolio optimal solution can be strongly
changed if we take into account other information depending
on the market and not just the return and risk. Portfolio
optimization models that take into consideration more criteria
reflect reality of market have become well liked.

In many cases, existing security may no longer be valuable
after a period of time. Thus, investors look to change their
position in the financial markets by buying or selling risky
assets. The costs incurred by these processes are called
transaction costs. Some scholars as Bhattacharyya et al. [27]
and Lobo et al. [28] extended the works on portfolio selection
problems with transaction costs. Arnott and Wagner [29]
demonstrated that ignoring this real factor can bring an
inefficient solution.

To avoid the model's solution focuses on only a few
securities which can lead to a great loss, some researchers such
as Zhang [30] and Chen et al. [31] employed cardinality
constraint. In addition, Chen et al. [32] measured
diversification portfolios by using Shannon entropy.

In all these works mentioned above, researchers discussed
only home portfolio optimization problem, rather than
international portfolio optimization. But, with the remarkable
development of transnational investment and the advances in
computer sciences and telecommunication, international
portfolio investment has been an interesting topic, which leads
several scholars [33, 34] to study and prove its benefits and
advantages to investors. Several models for international
portfolio optimization have been done in uncertain
environment [35, 36].

We believe our research is the first work to analyse a Value
at risk method for diversified international portfolio selection
in which security prices and the foreign exchange rates are
considered as uncertain variables and taking into consideration
diversification measure and transaction costs. The use of
uncertain measure is justified, our contributions in this work
are as follows. We provide two models for international
portfolio optimization taking into consideration transaction
costs and entropy measure. The crisp equivalent problems
under the assumption that the stock prices and foreign
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exchange rates follow some uncertainty distribution forms are
given. An application to demonstrate the effectiveness of the
model and analyze the impact of reality constraints on
portfolio allocation within uncertainty theory is given. It is
important to note that this research has some resemblances to
the Huang and Wang’s one [36]. However, the differences
between the both models are two points. In their case, they
employed the chance risk measure (r, B) to ensure the loss not
to surpass the preset tolerable level, i.e. M {risk <r} <. While
in our paper, we will use, for the first time in the framework
of international uncertain portfolio optimization, the famous
risk measure Value at Risk (VaR) defined as the maximum
expected loss. Second, the solutions of Huang and Wang
models are concentrated on only several stocks. This will lead
investor suffer risk greatly. To overcome this restriction and
ensure portfolio diversification, we employed the entropy
measure. This leads to obtain diversified solutions, which is in
consent with the traditional proverb saying "You shouldn't be
putting all your eggs in one basket". Noted that Delphi method
[17] and the least square [37] were used to predict the
uncertainty distributions of security prices and the foreign
exchange rates.

The rest of this paper is organized as follows. We present
some basic concepts in uncertainty theory in the second
section. In section 3, diversification constraints and transaction
costs are formally expressed and new diversified international
uncertain portfolio selection models are proposed. In section
4, the equivalent models are proposed when prices are
uncertain normal variables and the foreign exchange rates are
modeled by uncertain normal variables and uncertain linear
variables. In section 5, we introduce some numerical
applications to analyze the impact of reality factors on
uncertain international portfolio investment. Finally, some
conclusions are given in section 6.

2. UNCERTAINTY THEORY

In these studies, security returns are predicted from the past
data and treated by random variables. It's known that scholars
use probability techniques when the real frequency
distributions are close enough to historical data. While, in
some situations, unexpected events occur. For instance,
unexpected events of companies or lack of data about newly
listed stocks lead practitionersto be convinced that the
historical data of security returns cannot well reflect their
future returns. [15]. This has prompted scientists to look for
ways other than random variables to model people's inaccurate
estimates. With the introduction of fuzzy set theory by Zadeh
[38], researchers have used fuzzy set theory and credibility
theory to treat portfolio optimization problems. Several
models are proposed in this line. For example, Li et al. [39]
add the skewness to the mean-variance model for portfolio
selection with fuzzy returns. Carlsson et al. [40] proposed a
new definition of mean and variance of fuzzy numbers to
determine the portfolio optimum solution. Huang [41]
introduced credibilistic mean—semivariance models. However,
Liu [16] found a paradox when fuzzy variables are employed
to describe subjective uncertain phenomena. To have a more
balanced approach, Liu [16] founded uncertainty theory and
further refined by Liu [17] that models subjective uncertain
phenomena. This section recalls some fundamentals of
uncertainty theory.

Let I" be a nonempty set, L be c-algebra of a collection of



subsets of I'. A set function M is called uncertain measure
defined on L if it satisfies normality property, self-duality
property, countable subadditivity property and product
measure property. In addition, the triplet (I', L, M) is called an
uncertainty space.

Definition: An uncertain variable § is defined as a
measurable function from an uncertainty space (I', L, A) to the
set of real numbers, i.e., for any Borel set B of real numbers,
{&eB}={y e I'/&(y) € B} is an event.

Definition: The uncertainty distribution @ : IR + [0,1] of
an uncertain variable & is defined by ®(x) = M (& < x).

Definition: Let & be an uncertain variable with regular
uncertainty distribution ®(x) . Then the inverse function
®~1(a) is called the inverse uncertainty distribution of &.

Theorem: Let &, &, ,..., &, be independent uncertain
variables with uncertainty distribution ®;, ®,,..., ¥, ,
respectively. If f is a strictly increasing with respect to t;,
ty,..., ty. Then & =f(§,, &,,..., §,) is an uncertain variable with
inverse uncertainty distribution function.

Y @) = f(@ (@), @ (@), ., @y (@)

For example, the normal uncertainty distribution of the
uncertain variable &~ N(e, 6) is ® (x) = (1 + exp(“\;;‘)))—l.

The inverse uncertainty distribution of normal uncertain

variable & is @ 1(a) = e + %.ln(ﬁ) where e and o are real

numbers with ¢ > 0.
Definition: Let & be an uncertain variable. Then the

expected value of § is defined by E(§)= f0+°°(1 - ®O(r))dr —

0 ®(r)dr provided that at least one of the two integrals is
o p g
finite.
E(%) can also be expressed by E(§)= f0+°° M =r)dr —
f_OOOM(f <r)dr.

Theorem: Let £ be an uncertain variable with regular
uncertainty distribution. If the expected value exists, then:

E@)=f, ®*(a) da

Theorem: Let a and b be two real numbers, and § and 1 two
uncertain variables. Then we have E(aé +b) ak(&)+b.
Further, if and § and n are independent, then E(aé+bn) =
ak(§)+bE(n).

Definitions: Let § be an uncertain variable that has a finite
expected value e. Then the variance of & is defined by
V(E=El(E-e)]

Value at Risk (VaR) is a measure of the risk of loss for
investments over a specified period of time and under normal
market conditions. For a given portfolio, confidence level o
and time horizon ¢, the VaR is the maximum possible loss
during that period after excluding all bad o outcomes. In
another way, VaR is defined as having sufficient capital to
cover potential losses in a portfolio over time. Formally within
the framework of uncertainty theory. Mathematically, Peng
[42] defined uncertain VaR, in 2009, as follow:

The value at risk of the uncertain variable & at period ¢ and
the confidence level a (a € (0, 1]) is the function:

VaR,: : (0, I1— R such that

VaR, = inf {x | M{ <x} >a} (1)
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Besides, if & is continuous with distribution ®, then VaR;
is defined as:

VaRy, = —®(I — a) )

3. MODELS CONSTRUCTION

An international portfolio is a selection of securities that
focuses on foreign markets rather than domestic ones. Return
investment in an international portfolio depends on security
prices and foreign exchange rates. In our models, as mentioned
above, these two elements will be represented by uncertain
variables due to a lack of historical information. In addition,
we will take into account transaction cost and diversity as two
factors representing the realty market and affecting investment
return. We suppose, in this study, that the uncertain variables
are independent.

Let us suppose that transaction cost is a V shape function of
difference between a given portfolio x, = (x4, X2, --» Xon)
and a new portfolio x = (xy, x5, ..., x,). Then, we define the
transaction cost for security i as:

di|xo; — % (3)
where, d; is the constant cost per change on a proportion.

For new practitioners, we assumed that x; = 0, i=1..., n.
He has no security on hand. The transaction cost for a security
i is expressed by d;. x;

Contrary to the proverb "You shouldn't be putting all your
eggs in one basket", classic portfolio selection problems lead
to concentrated solutions to some securities. Therefore,
practitioners are taking significant risks [43]. For this reason,
researchers [44] employed Orris Herfindahl's index as a
diversification measure. Shannon entropy is a well-known
measure of diversity [45-47]. It is used at several sectors, such
as in industry. The entropy measure of a firm's diversification
is variously defined as "a weighted average of the shares of the
segments".

Recently, Chen et al. [32] employed it as a diversification
portfolio constraint by assuming that x; is the percentage of i-
th security in the portfolio.

Let A = {4,,.., A,} and x; be a partition of the set Q and the
probability of the event 4;, i=1, ..., n, respectively. The
Shannon entropy of A is expressed as:

iZl:xi In(x,)

“4)

Note that if all x; are equal, then the maximum value of E is
In(n) while its minimum is reached value 0 if x; = 1, i=1, ...,
n. In other words, a big value of entropy signifies that the
portfolio is more diversified and vice versa.

Every decision taken by investors is based on individual
security returns. The security return is expressed by:

Security price at the end of the period — Entry price + dividend

Entry price

For the sake of description, let us first define the following
notations:

Si

the uncertain return rate of security i;



S;  the uncertain future price of the i-country security
denominated in the i-country currency;

S0 the current price of the i-country security
denominated in the i-country currency;

n;  the uncertain future foreign exchange rate of the
home currency to the i-country currency;

N the current spot foreign exchange rate of the home
currency to the i-country currency;

®; the uncertainty distributions of S;;

@’; the uncertainty distributions of 7;;

Then there is:

_Sini=SioMio
&= SioNio ©)
Let @; be the uncertainty distributions of S; and ®’; the
uncertainty distributions of n;, i=1, 2, ..., n, respectively. The
net portfolio return rate, Ry, is expressed as:

R,= Y1 I(M)xl_dxl

SioMio
—yn 1(51771 5107110 di)xi (6)
SioMio

Then, expected portfolio return is:
SI. 13 Sl 1
E(Rp)—E[z L l(% - d))]

_f Z ( "1 = Siomio _
=1 Xi

SioNio

(7
d).da

When investment risk is represented by portfolio value at-
risk confidence level a as follows:

VaR, =Y x;VaRy; = X1y x;® “1(a)

q)._1¢’._1_5, iy (8)
—_— n 13 L io'lio
B Zi:l % SioMio )

Consequently, international portfolio optimization models,
Max Y7 x;(

Hiej + T

Hiei + mioi—

V3(ujmite;o; 35;0; a \?
(pimjte; L)Xn u )+ i lxl (1 a)

in the case of maximizing return investment under a maximum
risk level 6 and taking into account a minimum level of
diversification z, is modeled as follows:

o7t
ol 1 — SioNio

Maxf >, l( S - d)).da
<0

i _1‘1’5'1' ' Sioﬂio) <
ioMio (9)
Z’.l x; =1
s.t. i=1i
1
Yiixln (x_l) >T
x; =20, i=1..,n
If investor wishes minimizing investment risk with a
minimum portfolio return level g, then he can use the
following model:

-1 -1
DD —Siomio

MinZ?:ﬂz(T)
o GOS0 ) gz g o)
st LisaXxi =1
i 1xlln( )>
x; >0, i=1.

4. DETERMINANT EQUIVALENT MODELS

In this section, we will provide the determinist equivalent
form of model (9) and model (10) when the prices S; and the
foreign exchange rate 7n; are chosen as some special uncertain
variables such as linear uncertain variables and normal
uncertain variables.

Theorem: Assume that the uncertain security price S; and
the foreign exchange rate n; are independent normal uncertain
variables S; ~N(y;, 0;) and n; ~ N(e;, m;), for i=1, 2, .., n
respectively. Then model (9) and model (10) can be converted
into the following forms:

Siolio d)
l

HE |

SioNio

~1]<6

(11
s.t. Z?:lxi =1
1
Yiz1x;In (x_L) >T
x 20, i=1..,n
V3(uymi+e;o;) 2510 2
T SO L R i e s = MR (12)
Proof: Let S; ~N(u;, ;) and n;~N(e;, m;), fori=1, 2, ..., W \/—ml n ( ) Then
n, respectively. The inverse uncertainty distribution of S; and ¢
m are respectively: ©7(2) = p; + 224 In(-2) and @ (@)
\Eo‘- ﬁm
E(Rp) f Z » l((ui+TL.m(ﬁ) )i +— l_m(%))_giomo B
SioMio
‘/_u’m‘ ‘/_e i%i 3m; a'L
(pie; + In (—)+ In (—)+ ln(_)) Siom;
dy).da= f i=1 % ( Hiei ioio d). da= 13
,il:lxi((ﬂiei nlzl "_) Siolio 4= x l(w o

SioNio

SioMio



and

Hiej +

V3(puymi+e;jo;)

xin (-9 )+ 2 ()
i3 "\1—a 2 1

(14)

VaRy, = i1 % [

Theorem: Suppose that the uncertain security price S; is
represented by uncertain normal variable S; ~N (y;, o;) and the
foreign exchange rate n; by uncertain linear variable n; ~ L(a;,

0.5u;(a;+ bl)+

—-1]

SioNio

b),i=1,2, .., n,respectively.
Then model (9) and model (10) can be converted into the
following forms:

(bl ai)— SioMio

Max i x; (

(A-a)ajpi+ a.biui+

— d)

5107110
V3a; %, ( ) x/_a”bl l)aln( )

(Z?:l xi- [

st Ximxi =1

~1]<6

e
SiomMio

(15)

1
Yisaxiln(x) >t
L
x; 20, i=1..,n
and

(A-a)ajpi+ a.byp;

P ()

V3o;

(bi-a l)aln(l a)

Min g x;. [

—1]

SioNio
Hbi-ap)- SioNio

[ n (0 Suiai+ bl)+\F
1% SioNio

?1x1_1
llxlln(
% 20,

S.t.

)>
i=1..,n

Proof: Let S; ~N (y;, 0;) and the foreign exchange rate n; by
uncertain linear variable n; ~ L(a;, b;), i = 1, 2, ..., n,
respectively. The inverse uncertainty distribution of S; and n;

\/—all

o7 ()P (@) = (1 +

= (1—-a)au; + a.bju; + \/—a‘a‘(l a)ln (—a) %a.ln (—)

=1 -a)a;u; + a.bju; + \/—Z %

Consequently,

V3a; a'll

( ) fﬂ”bl al)aln( ) SioNio

—dj) =B (16)

\/_o'l

are respectively: ®;1(a) = y; + ) and @ (a) =

(1 - a)a;+ a.b;.Then:

In(

(%)) (A - @a; + a.b))

a

amn

1-a

n(l_ ) \/—U‘(b —a)aln( )

(A-a)ajpi+ abijpi+ T

E(RIJ) fZ =1X l(

0.5u;(a;+ b,)+

SlO"llO dl) da =

(18)

(bl ay)— SioMio

?:1 l(

5. APPLICATION AND DISCUSSION

To illustrate the application of our models and show the
impact of the realty factors on portfolio selection decisions, we
will present in this section a numerical example using into
model 11.

Suppose a Moroccan investor plans to invest in international
investment for one year starting from 07 November 2022. He
wishes to compose a portfolio from five countries: Morocco,
U.S.A., China, England, and France. We will use MASI, S&P
500 Index, Shanghai Composite Index, FTSE 100, and CAC40
to represent the financial prices of the five countries
respectively. Table 1 presents the closing indexes, on 05
November 2021, as the current financial prices while Table 2
provides the foreign exchange rates of the four country

5107710

— dy)

currencies to the home currency on the same date when
Morocco is the home country. Based on experts' estimations
and at the maturity of the investment, the prices of our stocks
are displayed in Table 3.

Table 1. Current stock prices in local currency

Current Security Prices in the

Index Notation
Local Currency
MASI S1o 13413.80
S&P 500 S20 4697.53
SSE
Composite S30 3491.57
FTSE 100 Sao 7303.96
CAC 40 Sso 7040.79
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Table 2. Current foreign exchange rates

Foreign to Home Current Exchange

Currency Notation Rate
USD to MAD M20 9.08
CNY to MAD N30 1.42
GBP to MAD M40 12.23
EUR to MAD Nso 10.49

Table 3. Uncertain normal stock prices in local currency

Current Security Prices

Index Notation in the Local Currency
MASI Siq N(13751.50, 331.50)
S&P 500 Sis N(5097.53,99.7)
SSE Composite Si3 N(3786.91,295.34)
FTSE 100 Sis N(7597.79, 293.79)
CAC 40 S5 N(7338.29, 297.50)

We will suppose that foreign exchange rates at maturity, are
modeled by normal variables and estimated by experts and
presented in Table 4.

Table 4. Uncertain future normal foreign exchange rates

Foreign to Home Current Exchange

Currency Notation Rate
USD to MAD N1z N(9.52, 0.44)
CNY to MAD N3 N(1.39, -0.03)
GBP to MAD N1a N(12.34,0.11)
EUR to MAD N5 N(10.85, 0.36)

In order to highlight the contributions of model (11),
suppose that the transaction cost rate d; is 0.3%, the tolerable
risk level 6 is at 0.1%, 0.15%, 0.2% or 0.3% and minimum
diversification level 7 at 1. We further set the confidence level
a of VaR at 95%. Using LINGO software, we can remark,
from Table 5, that the expected return increases with the
increase of the risk tolerance 8, which is in consistent with the
rule that the more risk the more gain. When 6<0.1, the model
(11) is locally infeasible. When 6 is set at 0.1, the
corresponding optimal expected return is 3.86%. 69% capitals
are invested into the Moroccan stock market, 8.42% capitals
are invested into USA stock market, 8.06% capitals are
invested into China stock market, 12.82% capitals are invested
into England stock market and 1.70% capitals are invested into
France stock market. The majority of capital is invested into
the Moroccan market. While increasing the value of 8, more
capitals are invested into the USA stock market and less are
invested into Moroccan stock market. When 0 is set at 0.3, the
corresponding optimal expected return is increased at 11.26%.
3.05% capitals are invested into the Moroccan stock market,
69.47% capitals are invested into USA stock market, 7.90%
capitals are invested into China stock market, 6.02% capitals
are invested into England stock market and 13.56% capitals
are invested into France stock market. Till 8 is 0.3, no other
change in expected return or investment strategy. This means
that if the investor is willing to bear more risk, it is better to
invest a large part of his capital in the USA security.

To analyze the effect of entropy constraint on international
portfolio, we calculate the model (11) to obtain the optimal
strategies of the portfolio without entropy constraint at
different tolerable loss levels (6 equal to 0.1%, 0.15%, 0.2%
or 0.3%). The results are presented in Table 6. When < 0.066,
the model (11) has no feasible solution. When 8 is set at 0.066,
the corresponding optimal expected return is 2.26%. 99.64%

1478

capitals are invested into the Moroccan stock market and the
rest 0.36% capitals are invested into USA stock market. By
increasing the level of risk tolerance, more capitals are
invested into the U.S. stock market and less are invested into
Moroccan stock market. When 6 is set at 0.30, the
corresponding optimal expected return is increased at 13.57%.
100% capitals are invested into the USA stock market. When
6 > 0.3, no other change in expected return or investment
strategy. The value 0.066 is less than 0.10 of the model with
entropy constraint. It means that, at low tolerable loss level,
the international model without diversification constraint is
more feasible than that with entropy constraint.

Table 5. Allocation of money using model (11) (%)

0 MA USA CN GB FR EXp. Ret.
0.10 69.00 842 806 1282 170 3.86
0.15 5142 3948 325 548 037 6.97
0.20 2455 6345 466 617 117 9.80
030 3.05 6947 790 6.02 1356 11.26
090 3.05 6947 790 6.02 13.56 11.26

Table 6. Allocation of money using model (11) without
diversification constraint (%)

8 MA USA CN GB FR _ Exp Ret
0066 9964 036 0 0 0 2.26
010 8235 1765 0 0 0O 422
015 5692 4308 0 0 0 711
020 3150 6850 O 0 O 9.99
030 0 100 0 0 0 1357
000 0 100 0 0 0 1357

It is concluded that, from Table 5 and Table 6, in the
presence of the entropy constraint, the optimal portfolio is
more diversified. Moreover, at the same risk tolerance values,
the expected return of the model with entropy constraint is less
than the expected return without entropy constraint. It means
that in the presence of the entropy constraint, model can bring
relatively low return than that no entropy constraint is
considered. The relationship between return investment and
diversification constraint is shown in Figure 1.

=
3 76

[ ¥]

[+ 7.4

Q
= 72
e )

+= 7

5] !

A 68

0 0.5 1 1.5 2
Diversificaton level

Figure 1. Behavior of return investment in function of
entropy value using model 11

To remark the relationship of transaction costs and expected
return, Figure 2 is drawn. The expected return and the
transaction cost are represented in the vertical axis and the
horizontal axis respectively. The expected return will decrease
with the transaction costs levels increases, which is in
conscience with intuitivity.
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Figure 2. Behavior of return investment in function of
transaction costs value using model 11

It is remarked also that, in the presence or absence of reality
factors, the VaR will increase with the desired return levels
increases. Figure 3 is drawn to see this point intuitively, in
which the vertical axis is the expected return and the horizontal
axis is the corresponding minimum Value at Risk.
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Figure 3. Investment return of model 11

6. CONCLUSIONS

In this study, two Mean-Value at Risk (Mean-VaR) models
for international portfolio optimization, grounded in
uncertainty theory, are presented. To more accurately depict
market realities, transaction costs and a desired level of
portfolio diversification, as measured by the entropy measure,
are incorporated into these models. A deterministic model is
developed wherein security prices and exchange rate variables
adhere to certain types of uncertainty distribution.

Compared to existing international portfolio optimization
models in the literature, our model yields superior results in
terms of diversification. It also reveals the impact of real-
world constraints on optimal allocation and investment return.
The model's validity was further corroborated through a
numerical example, demonstrating that the optimal portfolio is
more diversified when an entropy constraint is present. The
model also suggests that returns could be relatively lower
when no entropy constraint is considered. Moreover, expected
returns are shown to decrease as the levels of transaction costs
increase.

In conclusion, we outline several potential avenues for
future research. Firstly, models incorporating additional real-
world constraints, such as minimum transaction lots and
bankruptcy within the investment horizon, could more

accurately reflect the actual conditions of the securities market.

Secondly, extending our model to accommodate multi-period
cases and fractional optimization is another direction for
further exploration. Finally, the use of metaheuristic
algorithms to solve portfolio optimization problems could
potentially enhance performance.
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